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1. INTRO

As a student, more years ago than I care to count, I was bothered by something we were taught in statistical
mechanics. Actually, I was bothered by a lot of what we were taught in stat mech — but I'm going to
focus on one particular issue in this post.

If you're a physics student, you almost certainly have encountered something called the “assumption of
equal apriori probabilities” — which I'll refer to here as the “AEAP”.

[This should not to be confused with ” AEP”, which commonly refers to the ”asymptotic equipartition theorem”, and is something completely ]
different.




Assumption of Equal Apriori Propabilities: Classical Case K.M. Halpern

The AEAP says that for the microcanonical ensemble all accessible states have equal probability. ILe.,
all microstates with a given energy are equally likely. This sounds simple enough, but — as with almost
everything in statistical mechanics — beneath its superficial simplicity lie some thorny mathematical issues.

There are two potentially problematic aspects to the AEAP: one philosophical and one technical. The
philosophical one is more prosaic (and turns out to be largely immaterial because of asymptotic phenom-
ena), and we won’t address it here. The more interesting question is whether the AEAP is even meaningful.
Can we impose a uniform probability distribution on the relevant set of microstates?

At heart, the AEAP is nothing more than the usual ” Principal of Maximum Entropy”. However, there are some subtleties related to the def-
inition of entropy in this context and the physical basis for such an assumption. Symmetries and the fungibility of the components can offer
some justiication, as can asymptotic phenomena in the case where the components themselves are aggregates of smaller constituents. It turns
out that similar asymptotic phenomena, predominantly in the form of the central limit theorems of statistics, render the details of the AEAP
(and to some extent its very existence) less significant to the rest of statistical mechanics than may at first appear to be the case.

We’re using the term ”uniform probability distribution” informally at this point. Depending on the context, it could involve a set of discrete
probabilities, a probability density, or a probability field. Think of it as a casual way of saying ”something that corresponds to our notion of
uniform.” Obviously, we’ll need to be precise when we actually discuss it in detail.

The first question is: what do we mean by “uniform”? For a finite set S, this is straightforward enough
— we just assign each element a probability 1/|S|. However, things quickly get murky when we move to
infinite sets. For example, it is impossible to impose a uniform probability distribution on the integers.

Boundedness is not the only issue. The continuous case is problematic even when bounded. Consider the
unit cube [0, 1], viewed as a manifold. One approach would be to assign the “obvious” uniform probability
density p(z) = 1. However, doing so assumes a preferred set of coordinates. If we used spherical coordinates
instead, our “uniform” density wouldn’t look uniform any more.

If we take [0, 1] to have the usual Euclidean metric, then we do indeed have a preferred class of coordinate systems (the orthonormal ones)
and a natural notion of volume that is the same for all of them. However, this is because of the additional structure of the metric. As a mere
manifold, [0, 1] has no natural notion of volume. Since it’s orientable, it can admit volume forms — but we have no reason to designate any

particular volume form as special.

The dartboard ”paradox” encapsulates this issue. Suppose a dartboard is broken into a grid of equal-sized squares. Somebody throws darts at
the board and the darts have uniform probability of landing anywhere. What fraction land in each square? One answer is that every  and y
value is equally likely for the dart, so each square receives the same number of darts on average. But what if we reason differently? Each po-
sition has a radius and an angle relative to some reference direction. The probability that a dart lands at any given radius is uniform and the
probability that it lands at any given angle is uniform. So the darts should cluster near the center. One may decry this as obviously wrong,
since different radii do *not* have equal probabilities. However, the flaw lies not in this claim but in the statement of the problem. We said
?uniform” but did not specify what we meant by it. One assumption is that we meant uniform relative to Cartesian coordinates. Under that
assumption, the 2nd approach is patently wrong. However, we could just as well have meant uniform relative to polar coordinates (i.e. view-
ing the distribution as uniform on the rectangle (0, R] X [0,27)). In that case, the first approach is wrong for the very same reason. We may
argue that an actual physical process would most likely lead to the first distribution, but that is an additional assumption. We could easily
concoct a scenario where it yields the second (ex. a machine that randomly determines an angle and radius and throws darts accordingly).
The point is that our notion of ”uniform” requires a choice. If we wish this choice to be ”natural” in the sense that it reflects and is compati-
ble with the physical assumptions of the problem, then we require additional structure. In our case, this structure could come in the form of a
preferred coordinate system or a metric or information about how a dart-throwing machine operates.

Once we’ve decided what we mean by “uniform” probabilities, we’ll need to ascertain whether they are
possible in a given situation. In the case of the AEAP, we’ll have to consider two classes of systems:
classical and quantum. For each, we must:

(1) Identify the set of relevant microstates with a given energy and understand its mathematical struc-
ture and properties.

20f
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(2) Ascertain what it means to have a “uniform distribution” in this context.

(3) Determine what constraints and/or structure is necessary for such a uniform distribution to exist.

(4) Establish how the physics of the system provides such constraints and/or structure, leading to
a unique, natural, and meaningful (for the purposes of the AEAP) way to define a “uniform
distribution” on the relevant set of microstates.

Step (4) deserves some clarification. It is not enough to say that our set of microstates is a mathematical
shmugel and that we need a shmoo on it in order to define a notion of uniform probabilities and that this
particular shmugel admits a shmoo. We still may end up with the dartboard problem. To partly preview
what is to come, if our physical assumptions tell us that the schmugel is a manifold and the shmoo is a
volume form, we not only need the manifold to be orientable (thus admitting volume forms), but we need
the physical assumptions to identify a unique “natural” choice of volume form.

More generally, the physical assumptions must either constrain the schmugel to accept only a single (and
thus, as the only choice, “natural”) shmoo, or they must impose additional structure which induces a

“natural” choice of shmoo.

The distinction is largely pedantic. To again offer a preview, if we define the shmugel to be a manifold and the shmoo to be a volume form
then we have the second scenario and require that the physics also picks out a preferred volume form. In this case, we have additional infor-
mation to the effect that our manifold is actually a cotangent bundle and thus has a natural symplectic volume form. On the other hand, if
we *start* by defining the shmugel to be a cotangent bundle and the shmoo to be a symplectic volume form, then we essentially have con-

strained the problem at the outset. In both cases, the information comes from the physical assumptions — and we just choose to classify it in
different ways.

The point is that we need to uniquely identify a “special” shmoo without the introduction of nonphysical
choices or structures. The physical assumptions alone must provide a canonical mechanism for defining
our uniform distribution and this uniform distribution must be meaningful for the purposes of the AEAP.
L.e., the uniform distribution is not just a technical nicety; it must be the correct definition to plug into
the AEAP.

This last point is important. Ultimately, the proof is in the pudding. It is the right choice if it makes statistical mechanics work. If our
”canonical” choice does *not* work, we must ask why. In that case, either the AEAP is an incorrect assumption for statistical mechanics, or
our fundamental physical assumptions are incomplete or wrong, or there is some other canonical choice which we overlooked. Even if we find
such an alternate choice, we still need to understand why the definition of ”volume” via our initial choice was inappropriate for the AEAP.

Fortunately, this challenging exercise will prove unnecessary. In the classical case, a canonical choice presents itself in the symplectic volume
on the phase space and (as far as we can tell) properly fuels the AEAP. Liouville’s theorem and other aspects of classical mechanics offer good

| reason to view it as the correct choice. We won’t delve into this in detail.

In the classical case, our aforementioned steps translate into the following.

(1) Establish that the overall set of classical microstates is a cotangent bundle and that the set of
microstates whose energy lies in any small open interval of energies is a submanifold of the same
dimension.

(2) Discuss how any finite measure on a c-algebra gives rise to a notion of “uniform” probabilities,
simply via normalization into a probability measure.

(3) See how any volume form on a manifold induces a unique compatible, locally-finite, almost-regular
measure on the corresponding Borel algebra.

(4) Show how the symplectic structure intrinsic to a cotangent bundle gives us a natural volume form
on the overall state space, which then induces a natural volume form on the set of microstates
corresponding to a small open interval of energies.
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Putting all this together, we’ll see that it is the physical assumptions that (i) our overall state space is a
cotangent bundle and (ii) our Hamiltonian is continuous which essentially give rise to the natural notion
of uniform probabilities we require for the AEAP. As it happens, we’ll ultimately require a 3rd physical
assumption as well — but one which does not constrain us in any meaningful way.

As a point of nomenclature, we’ll often sloppily speak of the ”state space” rather than ”set of states”, despite not having confirmed that is
is either a topological or vector space yet. We do so from laziness rather than pointed anticipation of its true nature. As we will see, it *is*
a topological space in both classical and quantum mechanics, so this is somewhat justified. However, if we want to be fastidious we should

consider it a mere set until we establish its structure.

It turns out that the quantum case is quite a bit trickier than the classical one. We can follow a similar
regimen, but the relevant structures and behaviors aren’t as straightforward. For simple finite-state systems
(spin systems, qubits, etc), we can just do the obvious: assign each state probability 1/N. However, things
get trickier when the state space is infinite. Although the quantum state space is a manifold, it is an
infinite-dimensional one in general, raising a host of technical difficulties. For this reason, we will defer a
proper treatment to a future post.

Note that this is not merely a matter of discrete vs continuous spectra (which we’ll discuss below). The question is the size and nature of the
state space. For example, we could have a very large state space that maps to a single energy (ex. if there is a symmetry). A finite spectrum
does not imply a finite state space — though the two often go hand in hand. Obviously, an infinite spectrum does require an infinite state

space.
A\

J\_

(Formally, the quantum mechanical state space is a projective Hilbert space. In the finite dimensional case, this is CP™ (complex projective
space), which is a compact Kahler manifold. It is orientable and has a Riemannian metric, a symplectic form, and a distance metric (all in-
herited from the Hermitian inner product on C**1). We may be tempted to replicate the classical approach: deriving a symplectic volume
form, etc. In fact, CP" is a lot nicer than the classical state space in many ways, since it is compact. However, the Hamiltonian no longer
is a function from the state space to R. It is an operator on the relevant Hilbert space C*t1. Our Qg (to be defined shortly in the classical
case) becomes less trivial to define. The Hamiltonian only specifies a fixed energy value for energy eigenstates, not general pure states. Since
Qp (essentially) involves states of a fixed F, this particular problem is mitigated. However, there are related hurdles which arise, and we still
must be very careful. A bigger problem is that almost all quantum systems of interest involve an infinite-dimensional projective space. Prov-
ing that the necessary properties and results hold for such a manifold is nontrivial. For these reasons, the subject deserves its own treatment.

For similar reasons, we’ll focus here on classical systems with a finite number of degrees of freedom —
and thus a finite-dimensional configuration manifold. When we refer to a “classical system”, we’ll mean
subject to this constraint.

This includes all the usual point-particle and rigid-body systems — as well as classical fields (ex. fluids) that are constrained (bounded, regu-
larized, etc) in a way that keeps their configuration manifolds finite-dimensional. Many of the results extend to the infinite-dimensional case,

but we can’t take this for granted.

We'll start with a brief review of point-set topology and manifolds, discuss the relevant set of microstates
for the AEAP, review some measure theory, consider the meaning of “uniform” in the context of a general
probability measure, discuss how a volume form on a manifold induces a natural measure on its Borel
algebra, review some symplectic geometry, and finally bring it all together.

A basic knowledge of topology, differential geometry, and measure theory is assumed, but these notes are
otherwise meant to be self-contained. The impatient reader may wish to skip to section [§] which describes
the entire regimen in detail, and then peruse the other sections as needed.

2. BRIEF REVIEW OF SOME TOPOLOGY AND DIFFERENTIAL GEOMETRY

2.1. Some useful definitions and results in topology.

40f
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A topological space is:

e Compact if every open cover has a finite subcover. A subset is compact if it is compact in the
subspace topology.

e Locally compact if every point has a compact neighborhood (i.e. every point is contained in an
open neighborhood which is contained in a compact set).
e Paracompact if every open cover has a locally finite open refinement.
Let {U;} be a cover of S. A ”refinement of cover” U = {U;} is a cover V={V;} of S s.t. each V; C Uj for some U;. Note that
(unlike a refinement of a partition), this does *not* require that each U; be filled in by the V;’s. The {V;} do cover U; (since they
cover S), but it is quite possible they do not fill it. Ex. let S = {1,2,3,4} and let U = {(1,2,3,4),(2,3)} and V = {(1,3,4),(2)}.
Then V is a refinement of U, even though we can’t write (2,3) as a union of V;’s. An open cover is ”locally finite” if for each z € S,
there exists some open set containing x which intersects only finitely many of the V’s.
e Hausdorff if any two points have disjoint open neighborhoods.
e Second-Countable if it has a countable basis. L.e., any open set is a union (possibly infinite) of

members of this countable basis.
e Connected if it isn’t the union of two disjoint open sets.

The following relationships hold:

e (i) Compact implies paracompact and locally compact.
e (ii) Second-countable, Hausdorff, and locally compact together imply paracompact.
e (iii) Neither paracompact nor locally compact implies the other.

(i) follows trivially from the definitions. A good proof of (ii) can be found in |1], theorem 2.6. For (iii), |2] provides a number
of counterexamples in both directions (these can be located using the ”general reference chart” at the end of the book).

A function f: X — Y between topological spaces is continuous (relative to the specific topologies on X
and Y') if the inverse image of every open set is open (or, equivalently, the inverse image of every closed
set is closed).

Given a function f : X — V from a topological space X to a vector space V (or to any algebraic structure
with the notion of an identity element), the support of f is f~'(X — {0}). Le., all points that don’t
map to 0. The closed support of f is the closure of f~'(X — {0}) (i.e. the intersection of all closed sets
containing f~1(X —{0})). Finally, f is said to have compact support if its closed support is a compact
subset of X. We say that a set is connected in X if it is a connected space in the subspace topology.

Prop 2.1: Let f: X — Y be a continuous function between topological spaces. Then:

(i) If O" is open in Y, f~1(O') is open in X.
(i) If C"is closed in Y, f~1(C") is closed in X.
(iii) If X is compact and Y is Hausdorff and K’ is compact in Y, then f~*(K’) is compact in X.
(iv) If K is compact in X, then f(K) is compact in Y.
(v) If S is connected in X, then f(S) is connected in Y.

Pf: (i-iii): (i) is the definition, and (ii) follows because f—1(s) = f~1(5). (iii) In a Hausdorff space, any compact set is closed
(see [3|, theorem 26.3). The inverse image of a closed set is closed under a continuous map, so the inverse image of a compact
set is closed in X. However, any closed subset of a compact space is compact (see |3|, theorem 26.2).
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N

Pf: (iv) Let U C X be a compact set. Consider f(U). To be compact, every open cover must have a finite subcover. Let
{O;} be an open cover of f(U) (with the O; C Y, obviously). As the inverse image of an open set, f~(UO;) is open in X.
Moreover, U C f=1(f(U)) C f~1(UO;) (with the 2nd part since UO; is a cover of f(U)), so U C f~1(UO;). However,

Y U0;) = Uf=1(0;). Le., U C Uf~1(0;). Each of the latter is open, so they form an open cover of U in X. Since U is
compact, this open cover must have a finite subcover. Designate this {U;} (i.e. {U;} C {f~1(0;)}, with equality impossible if
the latter is infinite). This means U C UU;, where the right side is now a finite union of f~1(O;)’s (where the O;’s are drawn
from our original open cover of f(U)). This tells us that f(U) C f(UU;). But each U; = f~1(0;) for some O; in the original
cover of f(U). Since f(f~1(0;)) C O;, we have f(U) C UO;, where the union on the right is finite. I.e., we have a finite sub-
cover of {O;}.

Pf: (v) Suppose f(S) is not connected. Then it is the union of two disjoint open sets f(S) = O} U Of. However, f~1(0] N
0%) = f~1(O0}) N f=1(0%), and both are () since O} and O} are disjoint. s C f~1(f(S)) in general (with equality if f is
injective, which we’re not assuming). So s C f~1(0] U 0%) = f~HO}) U f~1(04). Le., s = (s N f~HO})) U (s N f~1(OL)).
However, f~1(0}) and f~1(0)) are disjoint and open, so we have a decomposition into disjoint sets (s N f=1(0})) and (s N
f_l(O’Q)). Though not necessarily open in X, these are open in the subspace topology for S (which consists of all sets of the
form O N S with O open in the topology on X). So S is a disjoint union of two open sets in the subspace topology and isn’t
connected, contradicting our premise.

Since R (or any manifold, for that matter) is Hausdorff, any continuous map f : K — R from a compact space K satisfies

(iii).

Prop 2.2: Given topological space X and subspace Y, the following hold:

(i) If X is Hausdorff, so is Y.

(i) If X is second-countable, so is Y.

111 1s compact an 1s closed m X, then Y 1s compact.

iii) If X i d Y is closed in X, then Y i

v Is paracompact an is closed 1n X, then Y 1s paracompact.

iv) If X i d Y is closed in X, then Y i

v 1s locally compact an 1s elther open or closed 1n X, then Y 1s locally compact.
If X is locall d Y is eith losed in X, then Y is locall

Pf: (i) Let Y C X, with X Hausdorff. Suppose y1,y2 € Y. Since X is Hausdorff, there exist disjoint open sets O1,02 C
Y containing y1 and y2. Then Y N O; and Y N Oz are open in Y (by definition), disjoint, and contain y; and y2. So Y is
Hausdorff.

(For (ii), see [3|, theorem 30.2. For (iii), see [3|, theorem 26.2. For (iv), see (3|, theorem 41.2. For (v) see |3|, corollary 29.3. J

2.2. Note on different topologies on the same set.

Let’s make a tiny detour to clarify an important point. The choice of topology makes a big difference in how
we view things. Just as a choice of g-algebra reflects our notion of which sets are measurable (regardless of
the particular measure) and thus determines the measurable functions to and from other o-algebras, our
choice of topology reflects our notion of which sets are open and thus determines the continuous functions
to and from other topological spaces. Two different topologies on the same set yield different notions of
continuity.

For example, consider the set X = [0,1] N Q (with @ the rational numbers). If we endow X with the discrete topology T = 2%, then ev-
ery set is open, and the topology ”sees” down to the level of individual points. In this topology, every point is isolated because it has an open
neighborhood (itself) which contains no other points. On the other hand, consider the same set X but with the subspace topology it inherits
from R. In this case, there are no ”smallest” sets — reflecting the absence of a partition basis (to be defined shortly) — and we ”see” things
in terms of open balls

We can endow X with a variety of metrics and pseudometrics, including the discrete metric (i.e. d(x,z) =0
and d(x,y) = 1 for x # y) and the standard metric inherited from R (i.e. d(z,y) = \/(z — y)?).
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X also admits the indiscrete pseudometric (i.e. d(z,y) = 0 for all z,y). We still have a notion of an ”open ball” with the indiscrete pseudo-
metric, but it is trivial. However, we’ll focus on metrics rather than pseudometrics here (besides which, the indiscrete pseudometric is uninter-
esting).

Note that the term ”metric” is commonly used to refer to two very different things: a distance function on a set or a Riemannian metric on a
manifold (i.e. a specific type of (0, 2)-tensor field on the manifold). We’ll usually mean a distance function, but we’ll be explicit when confu-
sion is possible.

Any metric on a set X endows it with a corresponding topology called the ball topology or metric
topology. A ball (aka “open ball”) is a set B,.(z) = {y € X;d(x,y) < r} for real r > 0 and = € X. The
collection of all balls plus the empty set (which we can consider the ball of radius 0 if we allow r = 0) is
the basis for a topology (i.e. it generates the topology via arbitrary unions of balls). Note that different
metrics can induce the same ball topology on X.

For example, any norm || on a vector space induces a metric via d(v,w) = |v — w|. However, all norms on a finite-dimensional vector space in-
duce the same topology (see [4], proposition 2.1.10). ILe., the norms may induce distinct metrics but all the resulting ball topologies are home-
omorphic.

There is ambiguity in how the term ”metric space” is used. Some people use it to mean just a set with a metric, while others include the in-
duced topology as well. ”Space” usually refers to either a vector space or a topological space, so we’ll prefer ”metric set” for a set with just
the metric and ”"metric space” for that same object as a topological space with the induced ball topology.

A topological space is metrizable if there exists a metric space to which it is homeomorphic. We'll say
that a topology T on X is compatible with a metric d on X if (7, X) is homeomorphic to (7, X),
where Ty denotes the ball topology of d. For all practical purposes, this means that 7" and T}; are the same.

In our example above, we would say that the topology induced by any norm on a finite-dimensional vector space is compatible with that of
every other norm on that space.

Note that any subset of a metric set inherits the metric in the obvious way.

Prop 2.3: Let d be a metric on X, let Y C X, and let T" be the ball topology of d on X. Then the
subspace topology on Y (inherited from T') is the same as the ball topology on Y obtained from d|y.

(I.e., it doesn’t matter whether we restrict d and then take the ball topology or take the ball topology and then go to the subspace topology. J

Pf: Denote by 7" the subspace topology on Y and by 7" the ball-topology on Y obtained from d|y. Consider the ball B..(y) in Y, where the
" denotes that we are taking it based on d|y. It consists of all points ¥’ € Y s.t. d(y’,y) < r. Since X contains more points, B.(y) C Br(y),
where the latter is the corresponding ball in X. In fact, B/.(y) = Br(y) N Y. Any open set O’ € T” is of the form O’ = ONY for some O € T.
However, any O € T can be written as a union of open balls (which form a basis for T): O = UB;. Since Y NO =Y N (UB;) = U(Y N B;) =
UB/ € T", we have T" C T". Consider any O"” € T". It is a union of basis elements O = UB]; = U(Y N B;) =Y N (UB;) € T". Le., T =T".

Returning to X = @ N[0, 1], consider both the discrete and inherited Euclidean metrics we mentioned.
Under the discrete metric, every point is an open ball, and the topology has as basis X itself. I.e., the
discrete metric induces the discrete topology. Any function from a discrete topology to another topology

is continuous.
Since every set in the discrete topology is open, the inverse image of any open set in Y is open. Basically, the discrete topology trivializes the
notion of continuity. As mentioned, it views things in terms of points.

On the other hand, the inherited Euclidean metric on X induces nothing other than the subspace topology
(relative to the standard topology on R). This isn’t surprising, since the standard topology on R is just the
Euclidean metric topology. The notion of open ball on X in the subspace topology is just (a,b)N[0,1]NQ
for some open ball (a,b) C R. The subspace topology sees things in terms of open intervals of rational
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numbers. Since @) is dense in R (and thus @ N[0, 1] is dense in [0, 1]), we can view this in another light:
the subspace topology sees [0,1] N @ as approximating the standard topology on [0, 1]. In the subspace
topology, X has no isolated points. As far as it is concerned, standard open balls are what we traffic in,
and the notion of continuity to and from this topological space reflects that.

The discrete topology is generated by the discrete metric and the inherited ball topology is generated by the inherited balls (i.e. X N Br(z)),
which also are the balls of the inherited metric. I.e., the subspace topology is compatible with the inherited standard metric. However, the
subspace topology is *not* compatible with the discrete metric and the discrete topology is *not* compatible with the inherited metric.

We mentioned that (in some vague sense) a topology “sees” down to the level of open sets. Under certain
circumstances, this can be made concrete, and we can think of a topology as giving us (again, from the
standpoint of continuity), a precise notion of “resolution”. We've already seen that this is true in the
case of the discrete topology, where the resolution is the individual elements of X. This can be broadened
somewhat.

Let T be a topology on X. A subset B C T is a basis for T if every element O € T is a union of elements
of B. A partition basis is a disjoint basis.

Suppose B is any disjoint basis for 7. Since X € T, X itself must be a union of elements of B. These elements are disjoint and thus form a
partition of X. Hence the name.

If T has a partition basis, then, from the standpoint of continuity, there is no information below the level
of the basis sets. Each open set has a unique expression as a disjoint union of these. As a partition of X,
B induces an equivalence relation ~pg, and it is easy to see that ~p is compatible with 7" in the sense that
each open set of T"is a union of whole equivalence classes. In a way, we can view X as topologically “the
same” as the quotient space X’ = X/~p under the corresponding quotient topology 7" = T/~ — but
not in the sense of homeomorphism. 7" is just the discrete topology on X’ (i.e. 7" = 2X"). This does not
make (X,7T) homeomorphic to the discrete topology (X’,7"), but T' nonetheless behaves like a discrete
topology. Another way to think of this is that X is a union of connected components, each an element of
B, and has no open sets smaller than these.

(The quotient topology takes a little care to define properly, and we won’t do so here. See [3|, section 22 for the details of its construction. J

Note that if, instead of these clean-cut cases, we have something more complicated — say a set with two
distinct structures — we very well could end up with two naturally-induced and possibly incompatible
topologies. Usually, we would constrain the structures to be compatible to the extent of inducing the
same topology. However, in general we could find ourselves forced to choose between distinct natural
topologies. As discussed earlier, the physical assumptions would either have to constrain the structures to
be compatible or give us a reason to favor one induced topology over the other(s) for our purpose.

2.3. Some useful definitions and results for manifolds.
We will be dealing with manifolds a lot, so let’s review some relevant facts about them.

Recall that a FOO n-manifold M is a topological space that locally looks like K™ for either K = R or
K = C and exhibits “FOOQO”-differentiability in a sense we will describe below. We say the manifold is of
type FOO and is real or complex (according to K) and has dimension n.
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FOO is the overlap condition that we’ll describe shortly. If K = R, FOO can be ”topological” (aka continuous or C°) or ”k-differentiable”
(aka k-times differentiable or C*) or ”smooth” (aka C°°) or ”real analytic” (aka C¥). If K = C, FOO can be ”topological” or ”complex ana-
lytic” (aka holomorphic, and also denoted C%) if K = C.

(We’ll only consider finite-dimensional manifolds here, so n is finite. J

(Because FOO is specific to the choice of field, we’ll treat the specification of K as part of the information in FOO. J

If T is our topology on M, the “manifold structure” takes the form of an “atlas” of “charts”, each of the
form (U, 1) where U is an open subset of M and # is a homeomorphism ¢ : U — K™ s.t. (i) the charts
cover M and (ii) on any overlap of two charts (U, ) and (U’,+), the overlap map ¢ = ¢’ otp™! : K" — K"
is suitably differentiable (in the usual sense) and has suitably differentiable inverse.

(¢ is often defined going the other way instead (i.e. K™ — U). Since v is a homeomorphism, this only affects the notation.

(It is easy to see that ¢ is a homeomorphism on K™.

I

>
?suitably differentiable” is a term we will use a lot for convenience. It just means that the condition FOO is obeyed in K™ by the over-
lap map. If FOO is ”topological”, then the condition is automatically satisfied since we have continuity in each direction. If FOO is ”k-
differentiable”, we require that every overlap map be k-times differentiable in the usual sense, and so on.

(Charts are also called ”coordinate systems” or ”choices of coordinates” or just ”local coordinates”. J

We'll often drop the ”FOO” from now on, with the implicit understanding that a dependence on the relevant FOO is attached to all manifold-
related definitions. The notions of atlas, maximal atlas, chart, etc all depend on FOO.

N J

A differential structure on M is a maximal atlas, obtained from any atlas by including all compatible
charts. It is easy to show that there is a unique maximal atlas containing any given atlas.

(Again, the notion of ”differential structure” and ”maximal atlas” depend on the choice of FOO. J

The overlap condition is not the only constraint on the charts in a differential structure (or atlas or maximal atlas). A chart requires a home-

omorphism 1), so this too is a constraint. If a particular open set is not homeomorphic to K™, then it can appear in no chart. For example,

there is no chart containing all of S™. A given open set U may appear in no charts or many charts. If it appears in one chart (U, %), it ap-

pears in many, because any suitably differentiable function f : ¥(U) — ¥(U) with suitably differentiable inverse yields a new chart (U, ¢’) via
W =foy.

Note that a topological manifold is not just a topological space. It carries a maximal atlas, consisting of all open sets homeomorphic to K™
and all such homeomorphisms of those sets.

We can treat any FOO n-manifold as a FOO’ n-manifold if FOO’ is a weaker condition for the same K.

Technically, the maximal atlas expands when we weaken the condition. However, the new maximal atlas clearly contains the old one — so any
existing charts remain in play.

I.e. every manifold is a topological manifold, every k-differentiable manifold is a (k — 1)-differentiable manifold, every smooth manifold is a
k-differentiable manifold (for any finite k), and every real-analytic manifold is a smooth manifold.

aYa

J\_

Note that there exists only one topological maximal atlas, and every FOO-atlas is a subset of it. The topological overlap condition is auto-
matically satisfied by any two charts (i.e. there *is* no topological overlap constraint). All that the topological atlas does is collect all possi-
ble local homeomorphisms to K™. Only when we start imposing differentiability overlap conditions, do some charts become incompatible with
one another.

Prop 2.4: Given any real k-differentiable n-manifold, the differential structure contains a unique smooth

differential structure.
Le., if we're differentiable at all, we can always work in charts with the smooth overlap condition. This means that we lose no generality by
considering only topological, smooth, and analytic real manifolds. It is the reason that many treatments of differential geometry focus on
smooth manifolds.

(See |5, theorem 2.9 of section 2.2 (page 51). J
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Suppose we have a FOO n-manifold M (with topology T') and a FOO n/-manifold M’ (with topology T7).
A FOO map between M and M’ is a function f : M — M’ between the underlying sets which is continuous
and s.t. for each chart (U,v) of M and each chart (U’,+)") of M’, the map ¢’ o fo1p~! : K" — K™ is of
type FOO.

For a topological manifold, FOO is continuity and is automatically satisfied by any f that is continuous relative to T' and T". J

A “diffeomorphism” between FOO n-manifold M and FOO n-manifold M’ is an invertible FOO map f
whose inverse is a FOO map. From the standpoint of differential geometry, diffeomorphic manifolds are
the same.

For topological manifolds, a diffecomorphism is just a homeomorphism between T" and T”. )

A given topological space may admit no differential structure of type FOO or a single such differential
structure or multiple non-diffeomorphic structures.

R?Z UR (i.e. the x — y plane plus the z-axis) admits none since part of it is locally homeomorphic to R? and part of it is locally homeomorphic
to R (and around the origin it is not locally homeomorphic to any R™). As an example at the other extreme, R* admits infinitely many non-
diffeomorphic smooth structures.

A real differentiable manifold M (i.e. a manifold with any real FOO except “topological”) carries a host
of automatically-generated companion machinery. These include the following:

a de Rham complex (i.e. a graded algebra of tensor fields, a graded algebra of differential forms, a

wedge product, and an exterior derivative).

a tangent vector bundle T'M.

a cotangent vector bundle T* M, along with a tautological 1-form and tautological 2-form on T* M.

tensor vector bundles of all (p, q).

differential-form bundles of all p.

a frame bundle LM (which serves as the principal bundle for all the bundles thus described, under

the obvious action of GL(K™)), along with a tautological solder form on LM.

e a (very large) Lie Algebra of vector fields, with [v, w](f) = v(w(f)) — w(v(f)) as the relevant Lie
bracket.

e for each vector field, a Lie derivative that maps tensor fields to tensor fields.

a group Dif f(M) of diffecomorphisms M — M.

for each vector field, an interior product i, that maps forms to forms.

a notion of orientability (or not) and, if orientable, a set of 2™ orientations (where m is the number

of connected components).

if orientable, a notion of volume form and a nonempty set of such forms.

Note that all the fiber bundles listed, other than LM, are vector bundles rather than plain fiber bundles.

Recall that a vector bundle doesn’t just have a vector space as fiber. For a vector bundle, (i) the overlap condition of the fiber bundle atlas
also requires linearity, (ii) the notion of morphism involves not just a fiber-preserving suitably-differentiable map, but also one linear on each
fiber, and (iii) the notion of isomorphism involves not just a fiber-preserving diffeomorphism but one that is a vector-space isomorphism on
each fiber.
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A topological manifold alone induces none of the above machinery.

(We require differentiability to define tangent vectors, and all else follows from this. J

Strictly speaking, orientability and orientation can be defined for topological manifolds as well as differentiable manifolds, but not nearly as
easily. Instead of Jacobians of the overlap maps, we must work with homology groups of the manifold minus each point. We won’t go into it
here (see [6], p. 233 of section 3.3 for details). Bear in mind that in either case, orientability is a property of the manifold, but orientation is a
choice for each of its connected components. An orientable manifold with m connected components has 2" possible orientations.

Almost everybody defines manifolds to be at least Hausdorff and paracompact, and we’ll follow this
convention. Every manifold is locally compact, even if we do not take it to be paracompact. This follows
because it locally looks like R™ or C", both of which are locally compact.

Some people replace paracompact with second-countable in the definition. This is a stricter requirement, but not in any way that we’ll care
about. Proposition below tells us that a (Hausdorff and paracompact) manifold is second-countable iff it has a countable number of con-
nected components. In particular, any connected manifold is second-countable, as is any compact manifold. We’ll eventually want second-
countability, but we’ll impose this as a requirement rather than as a part of the definition.

Paracompactness guarantees that the manifold admits a partition of unity, necessary for defining integration. It almost never is used except in
the context of Hausdorff spaces.

S

A manifold has any ”locally-foo” property that Euclidean space has, because it locally looks like Euclidean space. Although they may seem
local, neither Hausdorff nor paracompact are local properties. Every manifold is locally Hausdorff, but it is possible to omit Hausdorff from
the definition and still have a meaningful notion of manifold.

Prop 2.5: A (Hausdorff) manifold is second-countable iff it is paracompact and has a countable number
of connected components.
(See |7], exercise 1-5 (or (8] for a detailed proof). J

Warning: Intuitively, it may seem that any second-countable space X must have a countable set of connected components. The reasoning
goes as follows: if X is a disjoint union of open sets, and each of these is a union of basis elements, then we need at least one basis element for
each component. So if the basis is countable, there can be only a countable number of connected components. However, this is not true. For
example, X = R — Q is a subspace of R. Since R is second-countable, so is its subspace X. However, X has an uncountable number of com-
ponents (in fact, every point in X is a connected component). The connected components still form a disjoint cover of X. However, they are
not open so they are not in the topology. As such, they needn’t be expressable as unions of basis elements — and our argument breaks down.
To ensure that the connected components are open, we need additional constraints. A manifold is locally-connected (because it is locally Eu-
clidean) and Hausdorff, and these turn out to be enough to guarantee that the connected components are open. In that case, they must be
unions of basis elements, and our argument for their countability works. In our counterexample, R is a manifold, but R — Q is not — and this
is the catch. As a subspace of R, X is both Hausdorff and second-countable. However, unlike R, X is not locally-connected.

We will find the following result about submanifolds useful:

Prop 2.6: The (nonempty) open sets of an n-manifold are its n-dimensional (embedded) submanifolds.
If the manifold is orientable, all its open subsets are too.
(See |7], proposition 5.1. )

Unless otherwise stated, all manifolds we’ll consider in these notes are smooth real manifolds.

2.3.1. Integration.

In essence, there is only one type of integral we know how to take in differential geometry: the integral of
an n-form over the entirety of the n-manifold M. Why “in essence”? There are two important caveats here.
The first involves orientability and orientation, which we’ll have more to say about shortly. The second
caveat is something glossed over in many treatments, but will be crucial for the Riesz representation

11 of



Assumption of Equal Apriori Propabilities: Classical Case K.M. Halpern

theorem. It involves our ability to take integrals of the form | v fV, where v is an n-form and f is a
continuous (rather than smooth) real function on M. These caveats aside, the key point is that we can
only integrate (i) over the entire manifold and (ii) something involving a top-level form.

If we wish to take the integral of a £ < n form, we must first confine ourselves to a k-dimensional submanifold. This constitutes additional
information, and tells us which points to confine ourselves to as well as the relevant k degrees of freedom to retain in their tangent spaces.
Similarly, if we wish to integrate over an n-dimensional ”chunk” of the manifold (ex. an open set), we must first codify that chunk as an n-
dimensional submanifold and then integrate over it.

We won'’t fully develop the theory of integration here, but let’s go over the basics. We know how to take the
Lebesgue integral of a measurable function f : R™ — R. We’ll see in proposition [£.7] that every continuous
function is measurable (though the converse does not hold). We therefore can take the Lebesgue integral
of any continuous f.

The terminology surrounding integration can be misleading. There is a set of functions for which the integral is well-defined, and a subset of
these for which it is finite. ”Integrable” means having an integral which is finite, not just well-defined. There may be functions whose inte-
grals are well-defined and infinite, but these are not called ”integrable”. This can be counterintuitive and a potential source of confusion. As
a simple example, f(z) = 1 is not ”integrable” on R. The integral exists but is infinite. ” Absolute integrable” means that | f| is integrable,
which implies that f is integrable as well.

The idea of integration on a manifold is to patch together Lebesgue integrals chart-by-chart. Since a
smooth n-manifold M is locally diffeomorphic to R™, we just need to wrangle our integrand into R™ and
integrate it there. We then take a sum over these local integrals.

This sounds simple but is much easier said than done. The charts are not disjoint, so we need to avoid
redundant contributions from overlapping charts. Moreover, we must ensure that whatever method we use
is independent of the set of charts (as long as they form at atlas). This is accomplished via something called
a partition of unity. We’ll assume that the manifold is orientable and that we’ve picked an orientation.

As we’ll mention below, it is possible to integrate something called a ”density” rather than a form on a non-orientable manifold, but this is
beyond the scope of our present discussion.

(If we are integrating a volume-form (or something involving one, such as fM fv), we’'ll pick the orientation that makes v positive. J

Given an oriented atlas (defined below), we define a set of functions ¢; : M — [0, 1], indexed by the
charts of the atlas (i.e. one ¢; per chart) and s.t. (i) each ¢; has support only in the corresponding
chart, (ii) the ¢; are smooth, and (iii) at every point =, Y ¢;(z) = 1. In chart (U;,1);), the n-form
v can be written in local coordinates as g¢;(x, .. .:cn)d:vl A --- A dx"™ for some smooth g;. We define
L= [(pop ™) (@, ...an) - gi(z1,...2p)dxy -+ - ... dz,, where the expression on the right is the ordinary
Lebesgue integral (over all of R™) of the function (¢ o ¢™!) - g; : R® — R. Our global integral then is
[y v = >, Ii, where the sum is over all the charts in the oriented atlas.

This is a vast oversimplification. There are lots of technical details involved, such as proving that the choice of the partition of unity doesn’t
matter and that such a partition of unity even exists. The definition of the sum requires some clarification as well, since the relevant at-

las may be uncountable. Because a manifold is locally compact, we can choose our partition of unity in a way where the sum contains only
finitely many nonzero terms in the neighborhood of any point. We won’t go into the details here.

If we confine ourselves to the integration of n-forms, we run into a problem. As mentioned above, an n-form
can be written g;(z1, ... :I:'n)d:cl A --- Adz™ in local coordinates — but with g; a smooth function. Even
though every smooth atlas is also a C* atlas (for every k > 0), the best we can do is loosen the requirement
to differentiability of g;. There is no notion of a differential form on a topological manifold, so we can’t
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take it further than this. Intuitively, that doesn’t feel right. We can Lebesgue integrate non-differentiable
functions on R™. We can even integrate discontinuous ones, as long as they are measurable. Nor is this
purely a conceptual complaint. We’'ll need the ability to integrate continuous functions when discussing
the Riesz representation theorem.

Technically, for the Riesz theorem we’ll only need to be able to integrate continuous functions with compact support, but compactness of the
support isn’t the obstacle here. We need to extend our notion of integration to continuous real functions on M.

Though it’s a point that tends to be glossed over in many treatments, the partition-of-unity approach
works extends just fine to the integration of continuous functions. For [, o JV, we simply use [; = [(po

U)o (f o Nday - du,

Of course, just saying that this works doesn’t mean it works. However, it is possible to show that this integral is well-defined at the manifold
level (i.e. independent of the choice of charts and the partition of unity). The non-smoothness of f doesn’t pose an obstruction. See [9], sec-
tion 25 for a detailed development, albeit using a slightly different approach.

By a similar token, this same method should extend to any f for which (f o 1/1:1) is measurable in every chart. In principle, this could include
some discontinuous functions as well — though I've never seen it extended this way.

N J

If we take f = 1, we get the ordinary n-form integral [ o V- In the case where v is a volume-form, this defines the ”volume” of M imparted by

V.
N J

2.3.2. Volume forms and orientation.

Suppose M is a smooth n-manifold with m connected components (where m may be infinite, even uncount-
ably so). An oriented atlas of M is a subatlas of its maximal atlas s.t. the Jacobian of the overlap maps
is positive everywhere. A maximal oriented atlas is an oriented atlas that contains all charts which
satisfy this Jacobian condition. Obviously, all maximal oriented atlases are subatlases of the maximal atlas
which comprises M’s differential structure. M is called orientable iff it has an oriented atlas. If it is
orientable, it has 2™ maximal oriented atlases. Each such maximal oriented atlas is called an orientation
of M.

We can make this more precise for the case of infinite m. Let CO(M) denote the set of connected components of M. Given a reference ori-
entation o € CO(M), each other orientation is related by a map CO(M) — {—1,+1}, where the value for the i*"* component is the sign of
the Jacobian of its charts relative to those of o. For finite m, we can think of this as an m-tuple of £1 (obviously, these are all +1 for o itself).
Note that we cannot say that a component takes +1 or —1 in any absolute sense. The set of orientations and set of maps CO(M) — {+1, —1}
are bijective, but there is no natural choice of bijection without additional information. If we pick a reference o, we have a specific bijection.
As we will see, a choice of volume form fixes a specific o.

A volume form on a smooth orientable n-manifold is a positive (and thus nonvanishing) n-form. A manifold
has a volume form iff it is orientable, in which case it has infinitely many.

Some treatments define a volume form as nondegenerate. The concepts of ”"nondegeneracy” and ”nonvanishing” differ for general k-forms
(with k& < n), but not for n-forms.
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N

(What do we mean by positive? Consider a specific orientation o for the manifold. In a chart of o with local coordinates (z1 ...zr), any n-
form can be written f(z1,...,Zn)dz1 A - A dzn for some smooth f. Nonvanishing on the chart means that f never vanishes, and positive on
the chart means that f > 0 everywhere. A nonvanishing form is nonvanishing in every chart of the maximal atlas and a positive form is pos-
itive in every chart of the chosen o. Note that a nonvanishing form on a chart must have the same sign everywhere; otherwise, by continuity,
it would have to pass through 0, which means it would vanish somewhere. Along with the Jacobian condition, this means that a nonvanishing
form must have the same sign on all charts of an oriented atlas. L.e., in a given orientation, the values of a nonvanishing form are all positive
or all negative on each component. If there is more than one component, ”positive” means positive on all of them.

There is some ambiguity in the term ”volume form” as stated. An n-form can only be positive in a single orientation. Do we say that v is a
?volume form” only in that orientation or do we say that an n-form v is a ”volume form” if there is any orientation which makes it positive?
The answer is: both. We say that an n-form is a volume form iff there exists an orientation that makes it positive — and we always assume

we are working in that orientation.

Our integral as defined above depends on our choice of orientation. It is not hard to see that if M has m
connected components M;, then [ ufv=2 Il M, flarv|as, in our chosen orientation o. Le., we can perform
our integration procedure on each component submanifold and sum the resulting integrals. It also is easy
to see that if we vary our orientation we get up to 2" distinct values for the integral this way. Using o as
our reference orientation, if we switch to orientation o’ there is a corresponding «, s : CO(M) — {—1,+1}
that tells us the sign of each component under o’ relative to o. In orientation o, our integral is of the form

Zi QO,O’(Mi> sz f|MzV‘Mz

If we are taking | oV or | y fv for a volume form v, then we have a specific preferred orientation — and
our meaning is clear. However, it is often desirable to avoid a dependence on the orientation. There are
two common ways to do so: pseudo-forms and densities. Densities actually allow us to perform integration
on non-orientable manifolds as well, and they crop up a lot (for other reasons) in General Relativity. We
won’t go into them here. A pseudo-form is a map from orientations to volume forms that allows us to pick
a materially equivalent volume form for each orientation.

It is not hard to see that an n-form v on M can be written as a sum v = ZMi v;, where v; = VIMi on M; and is zero elsewhere. L.e., we sim-
ply break v into its parts on the components. If v is a volume form with associated orientation o, and a, o : CO(M) — {—1,41} is the sign
map for orientation o', then > v, o (M;)v; is a volume form with orientation o’. Using this, we obtain a map from CO(M) to volume forms
which are materially identical on each component but differ in the orientation relative to which they are positive. We then can define integra-
tion in an orientation-independent manner by picking out the relevant volume form for whatever orientation we choose. The integral will be
the same in every case. It is easy to see that both fM v and fM fv can be defined in a manner which gives the same result as the ordinary
method we described above.

Prop 2.7: Let v be a volume form on n-manifold M. For any open U C M, v|y is a volume form on U.

Pf: As mentioned in proposition [2.6} the open subsets of an n-manifold are precisely its embedded n-submanifolds. Let ¢ : U — M be the
embedding map. Since U is an embedded n-submanifold, the push-forward ix : TqU — T,U at each point has full rank and we don’t need
to choose which directions to retain in the tangent space. I.e., we can just restrict v to U without any complications. As an n-manifold, U
automatically inherits orientability and orientation from M. Since positivity of the n-form is pointwise, this is preserved under restriction.

Formally, if ¢ : U — M is the inclusion map, the corresponding n-form on U is the pullback i*v.

(Restriction of this sort only works for full-dimension embedded submanifolds. If we restrict to a k-dimensional submanifold N of n-manifold
M (with k < n), the tangent space is of lower dimension. We could reduce a volume form v on M to one on N via contraction (aka the
interior product) ¢y v for some vector field V on M. However, this depends on the choice of V. We thus would need additional informa-
tion that provides a natural choice of V. Even worse, we would not be guaranteed to inherit orientability, let alone an orientation. For an
n-dimensional manifold, we’re simply taking an open subset of the points on the manifold. Each point has the same tangent space as in the

original manifold, and these issues do not arise.

If (smooth n-manifold) M is orientable, then so is every n-submanifold. Moreover, each orientation on M
is directly inherited by each n-submanifold. As a result, the orientability and all the orientations of M are
trivially inherited by every open set of M.
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For any continuous function f and any volume form v on M, it follows that we can compute fU fv on
any open subset U C M, not just on M itself. Denoting the inclusion map ¢ : U — M, the integral is
Ji flu - *v. In particular, we may compute the volume [, 7*v of U that is imposed by v.

3. THE SETS OF MICROSTATES: {2 AND Q.

Let € be the complete set of microstates for our system, and let H : {2 — R be our Hamiltonian, taking
each microstate to its energy. The set of all energies Sy = H(f) is called the energy spectrum, though
we'll just refer to it as the spectrum. We'll say that the spectrum is “discrete” if it consists solely of
topologically isolated points in R (i.e. it is a union of discrete points), and we’ll say that it is “continuous”
if it consists of a union of intervals in R. It is also possible for the spectrum to have both discrete and
continuous regions.

By ”interval”, we’ll mean open, closed, or half-open/half-closed, and possibly infinite at one or both (open) ends — with the exclusion of a
single point closed interval, which is a discrete point. All Borel sets of R are unions of intervals. Although it may be tempting to imagine that
a union of intervals is equivalent to a subset of R with no topologically isolated points, it is not. @ is an example of a set that has no topologi-
cally isolated points but cannot be written as a union of intervals.

s N

Most common classical systems (point-particle systems, rigid-bodies, etc) have continuous spectra, though discrete-like behavior can nonethe-

less arise asymptotically. The most common examples of actual discrete spectra arise in quantum mechanics. The quintessential case is the

quantum harmonic oscillator, whose spectrum is {fw(n + %), n € Z}. More generally, consider the quantum mechanical spectrum of a single

particle in an external potential in R™. The spectrum is discrete iff V. — +o0 as |z| — oo (see [10]). There is an analogous, but more com-

plicated, condition known as the Molchanov criterion for a particle semi-bounded below. In either case, if the relevant condition for V is not
\met, it is possible to have a mixed spectrum.

J

s N
The terms ”discrete” and ”continuous” spectrum arise from the visual appearance of the graph in spectrometry, rather than the mathematical
nature of the Hamiltonian in those regions. The Hamiltonian is always assumed to be continuous.

The AEAP requires us to impose a uniform probability distribution on the relevant set of states. In the
microcanonical ensemble, the relevant set consists of all microstates with the fixed energy in question. L.e.
H~Y(FE) for some E under consideration. For continuous spectra, we cannot measure a specific E, so we
typically speak of an interval of E’s. We are free to choose the type of interval as we please, as long as it is
small enough to represent the notion of “fixed” E for all practical purposes. The most convenient choice is
an open interval 0 = (E — ¢, E + ¢€) for some suitably small ¢ (and allowing the choice of “suitably small
€’ to depend on E).

This works for discrete spectra too, since H~1(6g) = H~'({E}) if we choose ¢ to be suitably small. We’ll therefore employ it without reserva-
tion for both the discrete and continuous cases, though we’ll sometimes also just say H~'(E) when discrete.

Bear in mind that “discrete” and “continuous” refer to the subsets of R which are in Sy, not to the sets
of states which map to them.

We'll denote by Qp = H 1(6g) (for whatever € is suitable to that E) the relevant set of states for which
the AEAP demands uniform probabilities.
3.1. Q and g as topological spaces.

In classical mechanics, the state space is the “phase space” associated with a configuration space. We
start with a configuration manifold @), typically defined in terms of some set of generalized coordinates
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{q1,-..,q,} subject to various constraints.

(I.e. it is a hypersurface in some R™. J

Note that there are multiple physical assumptions involved here: (i) that ) is a manifold and (ii+) how
to construct @) for a given physical system. We won’t delve into the latter because it is not relevant to our
present machinery. Once (i) is satisfied, the AEAP (and statistical mechanics) is agnostic to the details of
how and why a particular () was chosen as the relevant configuration manifold.

We’re ”agnostic” to (ii+) in the abstract sense only. The details of the remaining assumptions (ex. symmetries) can be very useful in under-
standing a given system and calculating with it.

The phase space associated with a configuration manifold () is its cotangent bundle T*(Q. A core as-
sumption of classical mechanics is that this is the complete set of microstates of our classical system (i.e.,
Q =T*Q). Q (and thus T*Q) is actually taken to be a smooth, rather than just topological, manifold,
and T*(@) has a lot of nice properties and structure of its own.

[Technically, we only require @ to be a C2 or C3 manifold in most of classical mechanics. The embedding theoremtells us that we may ]

assume it is smooth without any loss of generality.

Since the overall set of microstates {2 is a topological space, we can meaningfully speak of whether the
Hamiltonian H is continuous. We will take the continuity of H as a physical assumption.

(Classical mechanics actually requires H to be at least C! (i.e. once-differentiable). J

The topology on €2 endows each (g with the subspace topology.
Recall that for topological space (€2, T'), the subspace topology on Qg C € is just {O; NQg;O0; € T}. Le., we just restrict each open set to QE]

(possibly reducing it to the empty set).

Since (i) we’ve taken dg to be an open interval in R and (ii) H is continuous by physical assumption,
Qp = H '(0g) is open in Q.
Note that it is not enough that we *have* a topological space. We need it to be physically meaningful. Topology embodies our notion of con-

tinuity, so the relevant notion of continuity for H is that associated with the topology on T*@, as inherited from Q. In the classical case, we
are handed this topology as part of the definition of the manifold Q.

We've now established (or just stated) that:

(i) Classical mechanics hands us (as a physical assumption) a manifold @, termed the configuration

space, for any given system.

(ii) Classical mechanics tells us (as a physical assumption) that the overall set of microstates € for that
system is the cotangent bundle 7*(@), which has a topology and manifold stucture derived from that
of Q.

(iii) Classical mechanics hands us (as a physical assumption) a Hamiltonian H : 2 — R for the system,
continuous relative to this induced topology on Q (and the standard topology on R).

(iv) As a consequence, the set of microstates Q0 C 2 relevant to the AEAP is a topological space with
the subspace topology.

3.2. Properties of (p.
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As a manifold, the overall state space ) is Hausdorff, paracompact, and locally compact. However, it is
never compact.

(Q is a cotangent bundle, and it is easy to see that a vector bundle cannot be compact. J

We saw that Qg is open in 2 since dg is open in R and H is continuous. Proposition tells us that Qg
is an embedded submanifold of €2 of the same dimension as €.

Every cotangent bundle is orientable, so both €2 and {2g are orientable and thus admit volume forms.

As will be discussed later, a cotangent bundle is a symplectic manifold and every symplectic manifold is orientable. Note that this does not
require @ itself to be orientable.

Prop 3.1: If there is an isolated energy F in the spectrum, then €2g is a union of connected components
of Q (i.e., it does not contain just a piece of some component).

Pf: An isolated energy F has the property that (E — €/, E 4+ €¢/) N Sy = {E} for small enough €. Pick this as the € for our 6. Pick any
nonempty open set O C Sy that does not contain E. Since dg NSy = {E}, ONdg = 0. So H=1(0O) N H~'(E) = 0. Now, consider the union
of all such H=1(0O)’s: U = UO;EQOH_l(O). Each H~1(O) is open in €, so their union U is open too. Clearly, U and H~'(E) form a two-set
disjoint open cover of 2. By the definition of connectivity, this means that each must be a union of connected components.

This tells us that if there is a discrete part of the spectrum, the corresponding set of states must be a
union of connected components of €.

There must be at least one such connected component for each discrete E, but there can be more than one. Each connected component is
both open and closed in the topology on . Since 2 is a 2n-manifold (with n the dimension of @), each component is a 2n-dimensional em-
bedded submanifold.

4. REVIEW OF SOME RELEVANT MEASURE THEORY

4.1. Basics. Recall that a o-algebra on S is a set X of subsets of S that contains S and is closed under
complements and countable unions. A o-subalgebra of X is a subset of ¥ that is a g-algebra in its own
right.

Closure under complements and countable unions implies that ¥ contains () and is closed under countable intersections as well. In fact, we can
swap countable unions with countable intersections in its definition.

The elements of S are called elementary events and the elements of ¥ are called events (or measurable
sets).

We'll say that a o-algebra 3 has Z C X as a subbasis (or that it is generated by Z) if it is the
smallest o-algebra containing Z. Equivalently, every element of ¥ can be constructed from complements
and countable unions of elements of Z.

We’ll say that a o-algebra ¥ has B C X as a basis if every element of X can be expressed as a countable
union of elements of B. Obviously, B forms a cover of S, since S € X. If the elements of B are pairwise-
disjoint (and thus form a partition of ), we’ll say that B is a partition basis.

It is easy to show that (i) any partition basis is countable, (ii) if a partition basis exists, it is unique, and (iii) a o-algebra can have any cardi-
nality other than Rg (i.e. there is no such thing as a denumerably-infinite o-algebra). Note that 3 can have uncountable bases and can con-
tain uncountable partitions. It just cannot have an uncountable partition basis. For example, the powerset 3 = 25 has the singletized version
of S as a partition but not a basis. Any o-algebra has itself as a basis, but not as a partition.
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Recall that in the topological case a disjoint basis represents a finest ”resolution” below which there is no information from a topological
standpoint. A partitition basis for a o-algebra likewise represents a finest resolution below which there is no information from a probability
standpoint. We lose no information if we replace (S, ) with (B, 28), treating B as the effective set of elementary events and using its power-
set o-algebra.

It is easy to see that any finite X has a partition basis (consisting of all intersections of its elements). Since a o-algebra can’t have cardinality
R, if ¥ has an infinite partition basis, |X| = J;.

A measure on ¥ is a function p : ¥ — R that is nonnegative and countably additive, meaning that for any
countable set of disjoint events {s;}, p(Us;) = > pu(s;). A finite measure has p(S) < oo (which implies
that p(s) < oo for all s € ¥ as well).

Nonnegativity and countable additivity imply a large number of other properties of u as well, including p()) = 0, monotonicity (s C s’ =
u(s) < p(s’)), and subadditivity (u(s U s’) < p(s) + p(s’)). Note that it is quite possible to have u(s) = 0 for s # . For a detailed discussion
of various properties of measures, as well as which subsets of these properties can serve as alternate definitions, see [11|, chapter 7.

(It is easy to see that if ¥ has a partition basis, then a measure is uniquely determined by its values on that basis. J

A probability measure has ;(S) = 1. A probability field is a triplet (S, 3, ), where p is a probability

measure on .
(We will use the terms ”probability field” and ” probability measure” interchangeably, with the choice of S and ¥ implicit. J

Prop 4.1: Given (S, X, u) and o-subalgebra ¥’ C X, (i) the measure p restricts to a measure on ¥’ and (ii)
finite measures restrict to finite measures, infinite measures restrict to infinite measures, and probability
measures restrict to probability measures.

Pf: (i) Nonnegativity and countable additivity aren’t damaged when we restrict ourselves to ¥’. In fact, they are easier to satisfy (i.e., there
are functions p which fail to be measures on X but restrict to measures on X'). (ii) Since S € ¥/, the finiteness and total volume of the mea-
sure are unchanged.

Given (S,Y) and (S,Y), we say that f : S — S’ is a measurable function if f~1(s') € 3 for every
s e ¥

(This is analagous to the definition of continuity, but with open sets replaced by measurable sets. J

Measurability is relative to the o-algebras at both ends, but we’ll often omit mention of them if the choice is clear. For example, suppose we
are considering f : S — R, with the Borel algebra ¥ p,, on R and some o-algebra ¥ on S. We may say that f is ”measurable relative to ¥” or
just ”measurable”, with the implicit understanding that this means it is measurable relative to (S, %) and (R, Xpor).-

Prop 4.2: Let f be measurable relative to (S,%) and (57, %). If X is a o-subalgebra of ¥; on S and X
is a o-subalgebra of ¥/ on 5, then f is measurable relative to (i) (S, %) and (5, %)) and (ii) (S, %) and
(87, %),

(I.e.7 if we expand the source X or shrink the destination ¥/, measurability is preserved. J

Pf: (i) Let s’ € 5. Since X, C ¥/, s’ € ¥/, and we know from f’s measurability against & and X’ that f=1(s’) € X. (ii) Let s’ € &'. We
know from f’s measurability against ¥ and X/ that f~1(s’) € X, so it also is in the larger o-algebra X;.

As the following proposition demonstrates, we need only test the measurability of a function on a subbasis
at the target end.

Prop 4.3: Suppose we are given (5,Y) and (5, Y'), and let > be generated by Z’. Then f: S — 5 is
measurable relative to 3 and ¥ iff f~1(s') € ¥ for all ' € Z'.
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(I.e., it suffices to test Z’ rather than all of X’. J

Pf: Obviously, if f is measurable, then f~1(s’) € X for all s/ € Z’, since s’ € Z' implies s’ € ¥/, Going the other way, suppose that f~1(s’) €
Y for all s/ € Z'. Since f~1(Us’) = Uf~!(s’), which is in & for countable unions, and f~1(s’) = f~1(s’) € X, and any element of X/ is
obtained from elements of Z’ via such operations, f~1(s’) € £ for all s’ € X/.

(Note that f~1(Z’) C %, but it need not be a subbasis for 3. }

4.2. Borel algebras.

Every topology T has an associated Borel algebra, the smallest o-algebra that contains T". In the Borel
algebra of T, all open sets and all closed sets (and quite a few other sets) are measurable.

Prop 4.4: The Borel algebra on R (with the standard topology) is generated by any of the following
sets: (i) all finite open intervals (x,y) with < y, (ii) all finite closed intervals [z,y| with = < y, (iii) all
finite intervals of the form (z,y] with x < y, (iv) all finite intervals of the form [z, y) with x < y, (v) all
half-open intervals of the form (z, +00), (vi) all half-closed intervals of the form [z, +00), (vii) all half-open
intervals of the form (—oo, ), and (viii) all half-closed intervals of the form (—oo, z].

See |12], theorem 3.6 for (i)-(iv) and (viii). The rest follow readily from these. Ex. suppose (v) holds. Then we can obtain any (z,y] via
(z, +00) N (y, +0), and we then have (iii) which is a subbasis. Any superset (in X) of a subbasis is a subbasis too.

A measure on the Borel algebra (or larger) of T (with underlying set S) is locally finite if every z € S
has an open neighborhood with finite measure.

Prop 4.5: 1If T is Hausdorff and p is a locally finite measure on its Borel algebra, then every compact

set has finite measure.

For a Hausdorff space, every compact set is closed. Since every closed set of T is in its Borel algebra, this includes every compact set. There-
fore, referring to the measure of compact sets is valid. We often see Hausdorff as a requirement for a definition or theorem when there is a
need to speak of the measure of compact sets. It ensures that compact sets are measurable.

Pf: Suppose p is locally finite. Consider compact set K. Local finiteness tells us that each z € K has an open neighborhood O, with finite
measure. Together, these form an open cover {Oy;z € K} for K. Every open cover of a compact set has a finite subcover, so let {O;} denote
such a finite subcover. K C UO;, so (by monotonicity) p(K) < u(UO;) which (by subadditivity) is < > u(O;). However, each p(O;) is finite,
so their sum is.

J

s N
If T is not Hausdorff, then the argument above only applies to measurable compact sets. In that case, locally finite implies that every measur-
able compact set has finite measure. It follows that any locally finite measure on a compact space is finite, because the space itself is always
contained in the topology and therefore in the Borel algebra.

Prop 4.6: If i is a measure on the Borel algebra of a locally compact, Hausdorff space 1" such that every

compact set has finite measure, then it is locally finite.
[Pf: Consider z € S. Since T is locally compact,  has an open neighborhood O, that is contained in a compact set K. Therefore u(Og) < ]

1(Kz), which is finite. So every point has an open neighborhood of finite measure.

Le., for locally compact, Hausdorff spaces, “locally finite” and “every compact set has finite measure” are
equivalent properties for a measure.

Warning: some treatments that confine themselves to Hausdorff, locally compact spaces incorrectly *define* locally finite via the compact set
condition. In their case, the two are equivalent — but using that as the definition is misleading and should be avoided.
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As the following proposition tells us, all continuous functions are measurable. However, not every measur-
able function is continuous.

Prop 4.7:  Given topological spaces (X,T) and (X’,7"), any continuous function f : X — X' is
measurable relative to the Borel algebras of T" and T".

Pf: Let f be continuous and let ¥ and ¥/ be the Borel algebras of T and T’. For open O’ € T’, continuity tells us that f—1(0O’) is open in
T and therefore measurable in ¥. Consider closed set C’ under T”. The inverse image of a closed set under a continuous map is closed, so
f=1(C’) is closed under T and therefore is in 3. Next, consider a countable union S/ = US] of open and closed sets under 7" (i.e. each S/
is open or closed in the topology T7). f=1(US}) = Uf~1(S!) is a basic set-theory result. As a countable union of measurable sets, the right
\Side is measurable in 3.

Note that the converse is not true. There are more measurable functions than continuous ones. Consider S = f=1(0’) for O’ € T'. If f is a
measurable fn, S € 3 since O’ € /. However, not every measurable set is open — so it is possible for S not to be open.

s N

This is just an example of proposition In our case, the generating set Z’ is the topology T”. But wait — we said the converse doesn’t
hold, yet in proposition@we have an ”iff”. What gives? The two cases are different. The ”iff” speaks only to measurability. The equiva-
lent condition to our converse would be that the inverse image of the subbasis Z’ not only is measurable but is a particular subbasis Z for .
If f is measurable, it is *not* the case that (for Z’ a subbasis of X/) f=1(Z’) is a subbasis for 3. It is a subset of 3, but need not constitute a
subbasis for it — let alone any specific subbasis. In our case, T' and T” are the relevant subbases. The inverse images of open sets are measur-
able, but need not be open.

4.3. Borel and Radon measures.

A Borel measure refers to a measure y on the Borel algebra ¥ of a topology T'. However, the specifics
of the definition vary. T may or may not be required to be Hausdorff and/or locally compact. If T is
Hausdorff, 1 may or may not be required to be locally finite or assign compact sets finite measure. We
won’t fuss over the term, but when it arises in the context of a theorem (ex. the Riesz representation
theorem), we must take care that the choice is either clear or irrelevant.

Fortunately, the version of the Riesz representation theorem we will use involves a Hausdorff, locally compact space and explicitly states that
p is locally finite, so there won’t be any ambiguity.

We’ll often be sloppy with language, saying that the Borel measure is on T or the underlying set S or something similar. It is to be under-
stood that we always mean that it is on the associated Borel algebra — unless otherwise stated (ex. if we are working in the completion).

Regular Borel Measure: Regardless of our definition of Borel measure, suppose we have a Borel algebra
Y. for Hausdorff topological space T (with T' having whatever other properties our definition of Borel
measure requires). There may be many distinct Borel measures on ¥. A “regular” Borel measure is one
in which we can approximate the measure of a set both by that of the open sets containing it and that of
the compact sets contained in it.

Formally, given underlying set S, topology T" on S, Borel algebra X for 7', and measure p on X, we require that for each s € X, u(s) =
infoer{p(0);s C O} = supge g (r){n(K); K C s}, where K(T') denotes the set of compact subsets of S under T' (these need not be ele-
ments of T itself, of course). The compact supremum condition by itself is called ”inner regularity” and the open infimum condition by itself
is called ”outer regularity”.

N J

The definition is actually a bit more general than we’ve stated. We can define the term ”regular measure” in this manner for *any* o-algebra
containing the topology 7', not just its Borel algebra. Of course, any such o-algebra contains the Borel algebra.

(We said ”regardless of our definition of Borel measure”, but the set of Borel measures on ¥ and the set of regular Borel measures on ¥ both
depend on that choice. We just mean that the definition of ”regularity” isn’t confined to a specific choice. The only reason we must include
Hausdorff in the definition is so that compact sets are measurable. Some older treatments omit this and use a supremum of closed sets rather
\than compact ones.
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Radon measure: For T" Hausdorff, a Borel measure that is both locally finite and inner regular.

If T is also locally compact, inner regularity implies outer regularity, and a Radon measure would be locally finite and regular. In this case,
we may be tempted to imagine that the combination of inner regularity and the measure being finite on compact subsets implies that the
Radon measure must be finite. We could argue that regularity forces every measurable set s to have finite measure because the supremum is
over compact sets and all compact sets have finite measure. However, this is incorrect. Each u(K) is finite, but their supremum need not be.

As mentioned, if our space is compact, then any locally finite Borel measure on it is finite. Unfortunately,
the space of microstates we care about for the AEAP (i.e. Q) is only locally compact rather than compact,
so this won’t help us.

The following two results tells us how Borel algebras (and the measures on them) change if we restrict
ourselves to a topological subspace or a g-subalgebra.

Prop 4.8: Let T be a topology on X, let X’ C X be an open subset, let T be the subspace topology on
X', and let ¥ and ¥’ be the Borel algebras of X and X’. Then (i) ¥’ C ¥, (ii) any measure on X restricts
to a measure on ', and (iii) if 7" is locally compact and u is a Radon measure then so is its restriction.

p
Note that we are *not* saying that ¥’ is a o-subalgebra of X. It is a subset, and it is a o-algebra on X', but it is *not* a o-algebra on X. For
one thing, it does not contain X itself.

(This differs from proposition@ in that we are not restricting to a o-algebra on X. J

(Pt (i) Since X' is open in T, the entire subspace topology 7/ = {O N X’;O0 € T} consists of open sets of T'. Le., it is a subset of T' and
thus contained in /. This means that countable unions are in X/ as well. The complement now is relative to X’, not X. Given O’ € T,
O’ = X' N O for some O € T. Therefore, X' — 0’ = (X' N X) — (X' NO) = X' N (X — O), which is in 3 since X, X', and O are. Therefore,
¥ C X. (ii) Given measure p on X, we can just restrict to ¥’ C X. This trivially produces a measure on ¥’ (as a o-algebra on X', not X)
because nonnegativity and countable additivity survive restriction. (iii) To admit a Radon measure, T' must be Hausdorff. Any subspace of
a Hausdorff space is Hausdorff, so 7" is as well. Any open subspace of a locally compact space is locally compact, so T must be as well. Let
i : X' = X be the embedding map, and let K be a compact set in 7”. A continuous function maps compact sets to compact sets, and i is
continuous, so i(K) = K is compact in T. I.e., any compact set of T” is compact in T. For a Hausdorff, locally compact space, local finiteness
is equivalent to every compact set having finite measure. Denote by p’ the restriction of u. By definition, p(s) = u/(s) for every s € ¥’. For a
Hausdorff space, every compact set is closed, and thus in the Borel-algebra. Given a compact K relative to 7”, we know K € ¥/ and thus in &
and that it is compact relative to 7. Therefore, u(K) = p/(K), but pu(K) is finite since p is locally finite. Now, consider some set s € ¥’ and
sup u(K) over all compact sets relative to 7" that are subsets of s. Both s and each such K are in ', and all such K are compact relative to
T as well. From the inner regularity of p, we know that sup u(K) = u(s), where the supremum is over all compact subsets of s relative to T'.
However, any such K C s is a subset of X’ too, since s C X’, so the collections of compact K’s in the two suprema are the same. L.e., we once
again get p(s) = p’(s). A Radon measure therefore restricts to a Radon measure in this case.

A

Prop 4.9: Let T be a topology on X, and let  be a Radon measure on some o-algebra . containing
the Borel algebra of T'. If ¥’ C ¥ is a o-subalgebra that also contains the Borel algebra, then pu restricts

to a Radon measure on it.
Pf: We saw in propositionthat w restricts to a measure. Local finiteness is preserved because all open sets are still in 3. If every z € S
has an open neighborhood of finite measure, that open neighborhood is in both ¥ and ¥’. Regularity also still holds. The number of measur-
able sets has decreased, but X’ still contains all compact and open sets — and the restriction of y keeps the same measures for them. There-
fore, any suprema or infima are unchanged. We’re simply demanding regularity of a smaller number of sets, so it remains intact.

4.4. Completion of a measure.

Although Borel algebras are often the focus of discussions about measures on topological spaces, they are
not what we typically end up working with. For R", we work with the Lebesgue measure, which is defined
on a larger g-algebra — the measure-theoretic completion of the Borel algebra.

(This should not be confused with the notion of topological completion. In this section, ”completion” will mean measure-theoretic. J
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Denote by (S, %, 1) the measure p on o-algebra 3. The completion of (S, %, u) is a specific (S, %/, i) s.t.
Y. C ¥ and iy = p. Le, ¥ extends ¥ and p' extends p to 3.

There may be many such extensions, but the completion is a specific one that is constructed via a particular prescription. We won’t go into
the details of that construction here, instead confining ourselves to a general description of what it accomplishes. See |13|, theorem 1.36 for
details.

Y confers a notion of measurability on certain subsets of the underlying set S. Under a particular p, some
of these may have measure zero. These are called “negligible” or “null” or “p-null sets”. If a set has
measure zero, it would make sense to also assign measure zero to all of its subsets. However, some of those
subsets may not be measurable in 3. For lack of a better term, let’s call a set “sub-null” (under pu) if it is
a non-measurable subset of a null set of u.

The basic idea of the completion is to include (and assign measure zero to) all sets which are “sub-null”
under p. le., we add in all the sets which should have measure zero but aren’t measurable under 3. Of
course, it isn’t quite that simple. To obtain a g-algebra, we must also include complements of sub-null
sets, countable unions of sub-null sets with already-measurable sets, etc. Formally, we generate ¥’ from
Y U Z, where Z denotes the set of sub-null sets under p. It is neither surprising nor difficult to show that
the completion is unique.

Note that the completion depends on the measure involved. We complete (S, i, £) to (S, u’,3’). We cannot speak of the ”completion” of 3
in isolation. Even though ¥ tells us which sets are measurable, we don’t know which are measure zero (and thus which unmeasurable sets are
?sub-null”) until we are given p.

By taking the completion, we expand the set of measurable sets as much as possible without materially
changing anything. I.e., every newly measurable set differs from some existing measurable set in a measure-
zero way. We've simply added all the sets whose measures we can trivially deduce from the measures of
existing sets.

Prop 4.10: A finite measure completes to a finite measure, an infinite measure completes to an infinite
measure, and a probability measure completes to a probability measure.

(Pf: Completion doesn’t change the overall volume, so p/(S) = p(S). J

Prop 4.11: Any set in the completion of (S,%, 1) can be written sUn for some s € ¥ and some sub-null
set n s.t. sNn =10 (where we allow n = 0)).

(Pf: (sketch): The completion is generated by X U Z, where Z is the set of sub-null sets of ¥ under p and also is taken to include @). Let Un;
be a countable union of sub-null sets. Since each n; C s; for some s; with measure zero, Un; C Us;. However, u is countably additive, so
w(Us;) = >, p(s;) = >, 0 = 0. Le. Us; is a measure-zero set, so any subset of it is sub-null. Therefore Un; € Z. We already know that 3
is closed under countable unions. Any countable union of elements of ¥ and Z can be written (Us;) U (Un;) for some countable set of s; € 3
and some countable set of n; € Z. We've shown that each of these two countable unions is a member of its respective class — so we can write
the overall union as s U n, where s = Us; € ¥ and n = Un; € Z. Next, consider complements. We know that s € ¥, and is of the requisite
form s U ). It therefore suffices to show that 7 is of the form s’ U n’ for some s’ € ¥ and some n’ € Z. As a sub-null set, n C s for some
measure-zero set sg. Define w = sgp — n. Since w C sp, it too is a sub-null set. I.e., sg is the disjoint union of sub-null sets n Uw. We therefore
have a partition of S: S =Sy Un Uw, where Sp, n, and w are pairwise disjoint. This means that m = 55 U w. Since sg € 3 and w € Z, we have
our decomposition.

Prop 4.12: For a finite measure u, the operations of normalization to a probability measure and
completion commute.
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e N
I.e., we get the same P’ if we (a) complete p to p/ and then normalize the completion to a probability measure P’ or (b) normalize u to a

probability measure P and then take the completion of P to P’.
A\

J\_

(pt: (sketch): Since the overall volume doesn’t change, the divisor p/(S) = p(S) is the same. Let’s call it V. The set of sub-null sets doesn’t

change under normalization, so the completion o-algebra X’ is the same whether we normalize first or not. Let (i) (2, 1) be the original fi-

nite measure, (ii) (X, Py) be the normalized original measure, (iii) (X', 4’) be the completion of (X, ), (iv) (¥, P,s) be the normalization of

(%', 1), and (v) (X', P},) be the completion of (X, P,). Our goal is to show that P/, = P,,. On X C ¥/, p/|s = p, so (¢'|s)/V = p/V. The

right side is P, and the left side is just P,/ |s. Le., By |s = Pu. The completion doesn’t change the measure of existing sets and only adds

sets of measure zero. Since it is unique and since the same o-algebra ¥/ is involved in both completions, (X/, Pu’) must be the completion of
(3, Pu). Le., we must have P, = P,.

We need to be a bit careful interpreting zero probabilities, because P(s) = 0 in probability theory does not mean that s is impossible. How-

ever, every newly minted measure-zero set (i.e. formerly sub-null set) is a subset of an existing measure-zero set and thus subject to (at worst)
the same considerations as its parent set in this regard. We’re doing nothing but expanding in the obvious way the sets we can talk about.

A\

Any given (S, %, ) is either complete or not from a measure-theoretic standpoint. I.e., completeness is a
property of a measure. If a measure is complete, then it is its own completion.

As the following proposition tells us, measurability of a function is preserved by a completion (under any
) of the source 3. However, it is not preserved by a completion (under any p') of the destination X'

Prop 4.13: If f is measurable relative to (S5,%) and (5’,%’), then it is measurable relative to any
completion of (5,3) as well.

(What we mean by this is that given any g on ¥ , f is measurable relative to the completion ¢ (and X'). J

(Pf: Any completion of ¥ contains ¥, so proposition@ gives us the result. J

This is *not* the case for completions of (S’,%’). Suppose we have some p' on ¥’, for which the completion is (X{, ;). As mentioned in
proposition [4.11] any set in the completion $7, can be written s’ U n/ for some s’ € ¥’ and some sub-null set n’. f~1(s’Un’) = f=1(s") U
f~1(n'). We know that f~1(s’) € %, since f is measurable against 3 and ¥’. However, there is no reason that f~!(n’) should be in . In

general, it is not. f is measurable against the completion Z’C iff Z’C - Z’f (using our earlier notation).

Just as completion commutes with normalization for finite measures, completion commutes with restriction
in the sense of proposition 4.8 The following result is general, but applies to the Borel algebra case as
well.

Prop 4.14: Given (S,%), let S C S, and let ¥’ C ¥ be a o-algebra on S’. For any measure p on X,
we can restrict ;4 to a measure on ¥’ in the obvious way. The operations of completion and restriction

commute.
This mirrors our disussion from proposition As is the case there, ¥/ is *not* a o-algebra on S (it doesn’t even contain S). We're just re-
quiring it to be a subset of ¥ that happens to be a o-algebra on S’.

The completion of the restriction is unambiguous, but we have to be a little careful what we mean by the restriction of the completion. We
haven’t specified which o-algebra on S’ we are restricting to. Obviously, we’ll mean that of the ”completion of the restriction”. By definition,
this will be a o-algebra on S/, but we must show that it is a subset of the completion of (X, u). Otherwise, we can’t restrict to it.

Pf: The restriction of y to ¥/ preserves nonnegativity and countable additivity, so p is a measure on X’. Let (i) (3¢, uc) be the completion
of (X, ), (ii) (¥, ') be the restriction of p to X/, and (iii) (¥, ) be the completion of (X', ). Any sub-null set of (X', u’) is a sub-null
set of (3, ), so the completion of the former must be a subset of the completion of the latter. This addresses the issue of whether the ”com-
pletion of the restriction” is a subset of the completion of (3, ). Le., we are guaranteed that E’C C X, and we may legitimately define (iv)
(3%, wd) to be the restriction of (X¢, pc) to Xi. Our goal is to show that X/, = ¥f, and puf, = uf,. Since all the p variants assign 0 to sub-
null sets and agree on any common domain, we need only show that X7, = X{,. Since X7, is the restriction of ¥¢ to X, it must be C 3.
Consider s € E’C. By proposition [4.11) s = s; U n for some s; € ¥’ and some sub-null set n of ¥’ under . However, every element of ¥/ is
in 3 and every sub-null set of ¥’ is a sub-null set of 3. IL.e., s1 Un € 3. We are restricting to E'C, so s1 Un survives the restriction and just
ends up in X7,. Le., ¥}, C 37, as well, and the two must be equal.
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Prop 4.15: Let T be a locally compact topology on set X, and let 1 be a Radon measure on its Borel
algebra 3. Then the completion (X, 1) of (X, X, 1) is also a Radon measure.

Pf: The definition of Radon measure requires 7' to be Hausdorfl, so it is that as well. For a locally compact, Hausdorff space, local finiteness
of a measure (which is defined on any o-algebra containing the Borel algebra) is equivalent to ”every compact set has finite measure”. As an
extension of p, the completion satisfies p/(s) = u(s) for every s € 3. Taking the completion doesn’t affect the underlying topology or notion
of compactness, so p/(K) = u(K) for every compact set K under T, and u(K) is finite since p is a Radon measure. We therefore have local
finiteness of p/. By the same token, for any s € ¥ the supremum is over the same set of compact sets (with the same measures) as before.
So p/(s) = p(s) = supgcsm(s) = supgc, i/ (s) (with K denoting compact subsets as usual). Now, consider some set in s’ € (¥ — X).
By proposition any set in the completion can be written s’ = s U n for some disjoint pair s and n. By countable additivity, u(s’) =

W (s) + p'(n) = pu(s) + 0. Any K C s also satisfies K C s U n, so the supremum for s’ is over at least as many K’s as for s. We could show
there are no compact subsets of s Un that aren’t subsets of s, but this is unnecessary. We merely need to observe that by monotonicity, every
such p/(K) < p/(s) = p(s). However, inner regularity of 4 means that the supremum already equals u(s). Even if we were to include more

\K ’s, they would have to be < this and wouldn’t affect the supremum. Therefore, we have inner regularity for p’ as well.

In summary, it doesn’t matter whether we complete before or after restriction or normalization, and
completion preserves a Radon measure.

By monotonicity, if an extension of (3, 1) contains sub-null sets of ¥ under g, it must assign them zero
measure. An extension may or may not contain such sets, but there is no flexibility in the measure assigned
to them. It follows that any extension that is not the completion either must (i) fail to include some sub-
null sets or (ii) include some non-sub-null sets. The latter can be assigned zero measure in their own right,
but need not. Obviously, any extension which contains the completion must also be an extension of the
completion.

At first glance, it may seem that the completion of (X, u) is terminal, and no other extension can be complete. However, this is not the case.
An extension to a larger o-algebra can introduce new null sets, thus engendering new sub-null sets. It is quite possible to have complete mea-

sures that contain other complete measures.

We’ll continue to focus on Borel algebras, but almost everything we do with them works just as well for
their completions (and we’ll point out when it does not). When we define the notion of a “uniform”
probability measure, we’ll be able to speak of its completion as uniform too. No new volume has been
added, so no change is necessary. If we have a natural choice of probability measure on the Borel algebra,
we have a corresponding (unique) completion of that probability measure.

(We could work directly with the completion instead of the Borel algebra, but this is inconvenient for our purposes because it presumes knowl- )
edge of the relevant completion (i.e. the relevant p). The Borel algebra, by contrast, depends solely of the topology. Note that *for a given
3* there is a bijection between measures (3, 1) and their completions (X', p/). However, it is quite possible for (X1, x1) and (22, u2) to have
the same completion (X', /). The completion has a unique restriction to a given X, but can restrict to different X’s. For example, suppose we
start with (X, ). Let Y be the set of measure-zero sets of ¥ under u, and let Z be the set of sub-null sets as usual. Suppose Y7 and Y2 are
subsets of Y s.t. each contains sets that aren’t subsets of any set in the other (i.e. Jy; € Y7 s.t. y1 isn’t a subset of any element of Ya, and
vice versa). Let Z1 C Z and Z2 C Z contain the sub-null sets that are subsets of elements in Y7 and Y2. Then the o-algebras generated by

\E U Z; and ¥ U Z3 are distinct but have the same completion: the o-algebra generated by 3 U Z.

5. UNIFORM PROBABILITIES

Let’s put aside the AEAP for the moment and consider the general question of what is meant by “uniform”
probabilities for an infinite set. Formal probability theory traffics in probability fields, and we will take
that approach.

We’re not doing so just as a preference, but because the machinery of formal probability theory is essential to the analysis of probabilities on
infinite sets. In fact, dealing with infinite sets is one reason the measure-theoretic framework for probability was developed.
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5.1. Uniform probability field.

What does it mean to have a uniform probability measure on (S,%)? Absolutely nothing. For a general
(S,%), we need additional information or structure in order to define a notion of uniform probabilities.
Let’s think about what this entails.

Intuitively, we want the probability of an event to be proportional to its size. However, “size” can’t mean
cardinality since the cardinalities can be infinite here. What we mean by size must be some sort of notion of
volume. We're dealing with the sets in a o-algebra, so we have a natural associated notion of “measurable”.
Each choice of measure p on Y assigns a volume to every measurable set. Our intuitive notion of “uniform”
is that the relative probabilities of events should be proportional to their volumes.

Formally, suppose we have measure p on (S,X) and we consider two sets A, B € X, both with nonzero measures under p (i.e. pu(A4) > 0 and
1(B) > 0, which also implies that they are nonempty). Our intuitive notion of ”uniform” probability (under p) is that their relative probabil-
ities should be u(A)/w(B). This is effected by defining the probability field P(s) = u(s)/u(S) for all s € ¥. However, there is a hitch. Doing
so requires that u(S) < oo. Le., we need p to be a finite measure. If it is not, we can’t assign uniform probabilities — for the same reason
we can’t assign them to the integers. Note that we can always speak of the relative probabilities of two sets of finite volume (i.e. u(A)/u(B)),
but we cannot turn this into a probability measure unless p(S) < co.

We thus want a choice of probability measure — but which one? Ewvery choice of probability measure gives
rise to a corresponding definition of “uniform” probabilities. We therefore need some sort of additional
information, constraints, or structure that reduces the choice to a single probability measure that we deem

“natural”.
(It suffices for our additional information to furnish a finite measure, since every finite measure normalizes to a probability measure. J

Absent any such additional information, constraints, or structure, there is no such thing as a “uniform”
probability field. More precisely, there is no mechanism to designate any one of the many probability fields

on ¥ as “uniform”.

There is a class of cases in which a natural definition does exist, however. If (S,X) has a partition basis B, the elements of B are ”atomic”
from the standpoint of probability theory. As mentioned earlier, any measure is uniquely determined by its values on the basis elements in
that case. We therefore have a natural concept of ”uniform” probabilities: we just assign the basis sets equal probabilities. However, it only

is possible to do so when B is finite. Just as we cannot impose a uniform probability distribution on the integers, we cannot do so for an infi-
nite B. I.e. we have such an intrinsic definition of ”"uniform” iff a finite partition basis exists. This does not require the underlying set S to be
finite, but it does mean that X is finite. Since every finite ¥ has a partition basis, the converse holds as well. Note that if ¥ is (or contains)
the Borel algebra of a topology, as in our case, a finite ¥ implies a finite topology. I.e., the situation where a partition basis offers an intrin-
sic definition of uniformity only arises in simple or contrived circumstances. It certainly does not apply to  or Qpg, which both have infinite

topologies.

In summary, to impose a meaningful notion of uniform probabilities on our Borel Algebra, we require the
specific application at hand to furnish a unique “natural” choice of probability measure on it. We then
can employ the notion of “uniform probabilities” conferred by this probability measure.

5.2. Aside: Uniform random variable.

We also can speak of “uniform” probabilities for a random variable X. Recall that a random variable on
(9,3) is a function X : S — R s.t. X7 !((—o0,y)) € T for every y € R. Equivalently, it is a real function
that is measurable relative to ¥ and the Borel algebra >, of R.
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Proposition tells us that the set {(—o0,y);y € R} is a subbasis for X g,,, and proposition tells us that f~1(s) € = for all s in a subba-
sis of X g, iff f is measurable relative to X pg,,.. Older treatments employ the interval definition of a random variable, and modern treatments
favor phrasing things in terms of measurability relative to X go;--

Measurability is an important constraint on f, even in the simplest cases. For example, consider S = {a,b,c} and ¥ = {0, (a), (b,¢c), S} and
f:(a,b,c) — (1,1,2). In this case, f is not a measurable function because f~1((0.5,1.5)) = (a,b) is not a measurable set in 3.

Given (5,Y), a random variable X, and a probability measure P on ¥, we can derive a cumulative
distribution function (CDF) for X. This is a monotonically nondecreasing function ' : R — [0, 1] defined
as F(y) = P(X!((—o0,y))). If F is everywhere-differentiable, we can define a corresponding probability
density function (PDF) as its derivative p(y) = F’|,. For any given P, every random variable has an
associated CDF| but not necessarily a PDF.

(N ote that we can extend all these definitions to X : S — R" easily enough.

(Technically, a PDF requires that the CDF be differentiable everywhere except a measure-zero set of points (under the usual measure on R). )

For our present purpose, random variables are not a useful vehicle. S = g, and ¥ is its Borel algebra (or
the completion of that Borel algebra under whatever measure we choose) . The AEAP requires “uniform
probabilities” on S itself, not for some random variable. The best embodiment of this notion is not a CDF
for a function S — R, but rather a measure on ¥ — which gives us a definition of “volume” and thus of
“equal volumes”.

Note that a choice of finite u, although it defines a notion of ”volume”, does *not* beget a random variable on 2. It is a function ¥ — R,
not a function S — R. A random variable is a labeling of elementary events, which is not what we need here. A given CDF *is* a random
variable in its own right, but this doesn’t help us either — since that CDF (as such) arises from an existing measure and random variable.

Although we won’t make use of the notion of uniform probabilities for a random variable, let’s nonetheless
consider what it means. We’ll begin with a couple of useful results.

Prop 5.1: Given (S,3) and any f: S — S, we have an induced o-algebra E'f on S’ consisting of all sets
s C 5" s.t. f71(s') is measurable. f is measurable relative to ¥ and Y.

Pf: f~1(S") =S and f~1(0) = 0, so S,0 € Z}. Given s’ € E’f, let s = f=1(s"). f=1(s’) = f~1(s’) = 5, which is in %, so s’ € E}. Suppose we

have a countable collection of events s/ € E}. Since f=1(Us}) = Uf~1(s}) € =, we have Us, € E}. By the definition of E}, f is measurable.

Note that E’f depends on the choice of ¥, even though our notation obscures this. J

[E} is the largest o-algebra on S’ for which f is measurable against ¥ and E}. As we show below, it contains all other such o-algebras. J

Prop 5.2: Given (5,%) and (5',%') and any measurable (relative to ¥ and ¥') function f : S — 5’ ¥/
is a o-subalgebra of the induced ¥

Pf: By definition, E} contains every s’ C S’ s.t. f~1(s’) € X. Since f is measurable relative to ¥ and X', any s’ € ¥’ has f~1(s’) € = and
thus is an element of Z} too. Since X/ C E} and both are o-algebras, ¥’ is a o-subalgebra of E}.

(I,e.7 any ¥/ is a o-subalgebra of every Z’f for which f is measurable against ¥ and X'. J
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Suppose we have (S,Y) and random variable f : S — R. Denote by (R, Xg), the standard o-algebra on R
and by ugr the standard measure on R.

These could be defined as the Borel algebra and Borel measure on R or their completion (aka the Lebesgue measure and its o-algebra). The
choice won’t make a difference for the present discussion. For convenience, we’ll refer to elements of whichever we choose as ”Borel sets”, even
though that term should — strictly speaking — be reserved for elements of the Borel algebra.

This f and ¥ induce a 3 on R via proposition Since f is measurable relative to ¥g, proposition
tells us that g C E}. This guarantees that every Borel set is measurable in Z} as well.

If £(5) is a finite (and thus discrete) set, our intuitive notion of “uniform probabilities” assigns equal
probabilities to the elements of f(S5). This differs from uniform probabilities on a finite S in that we are
assigning equal probabilities to values of f rather than points of S. That gives us a clear idea of how to
proceed in the general case.

We are working with values of f rather than elements of S, and those value are in R. We therefore expect the
notion of “uniform probabilities” for a random variable to be conferred by the measure ug. Specifically, we
expect that any two measurable sets A, Ay C R of values should have relative probabilities pg(A1)/pr(Asz).

The term ”measurable sets” deserves clarification. The largest o-algebra against which f is measurable on that end is ¥/;. We wish to at least
be able to speak of the probability of an arbitrary interval of values for f. Such intervals generate X, so we at least need the Borel algebra.
For our purposes, we’ll stick with A; and A2 being measurable under the Borel algebra. This is the weakest possible constraint consistent
with our needs.

There are a few problems with this approach as it stands. First, A; and A; must have finite measures
(and A; must have nonzero measure, to allow the ratio). We can only assign relative probabilities, since
ur(R) = co. We also are assuming that A; and A, both reside in f(S). Otherwise, our accounting of
volume is off, and we’re assigning equal probability to values that f can never take.

We do not care whether f is injective, however. We’re assigning equal probabilities to values of f, not points of S. If many points of S map to
the same value, it shouldn’t affect the probability of the value under such a scheme.

To address these issues, we must modify our naive approach. First, we need to confine ourselves to the
image of f. To be able to assign absolute probabilities to sets of values of f, we'll require that f(S) have
finite, nonzero measure. Le., we need 0 < pr(f(S)) < co. We’ll also require that, aside from a measure-
zero set of points (under ug, of course), f(.S) is a countable union of disjoint intervals (open or closed or
half-open — it doesn’t matter) in R.

It turns out that this last requirement doesn’t impose a meaningful constraint (at least for X g,,-). Although propositiontells us that such )
intervals form a subbasis of ¥, they do not form a basis — which is what would be needed here. It is possible to show that every open set
in R is a countable union of open intervals. However, there are sets in X g,,» which cannot be expressed as a countable union of intervals of

any sort. These include R — Q and the Cantor set. However, it is possible to show that every Borel set differs from a countable union of in-
tervals by a set of measure-zero. [Basically, a closed set on R differs from an open set by at most two points. Closure under countable unions
and complements mean that we can only ever deviate from an open set by a countable number of points. Any open set in R is a countable
union of open intervals (a standard analysis result), so we differ from a countable union of intervals by a countable set of points. In the stan-
dard measure on R, any countable set is measurable with measure zero.| Since this is precisely the requirement we’ve imposed, it doesn’t con-
strain away any Borel sets. Of course, we have no guarantee that f(S) itself is a Borel set. However, counterexamples tend to be pathological
and contrived. In practice, this assumption doesn’t limit us much. Note that f(S) *is* in Z’f, since f~1(f(S)) = S.

Let’s construct a CDF for f which reflects our intuition about uniform probabilities. Let f(S) U Y] =
Y5 U (U;A;) be the expansion of f(S) in disjoint intervals, where Y] is a measure zero set of holes in f(5)
and Y5 is a measure zero set of non-interval points of f(.5).
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We'll begin by defining a PDF p. Define p(x) = 0 outside the intervals (i.e. for all z ¢ U;A4;) and
p(z) = 1/pr(f(S)) for z € U; A;. We can integrate this to get a staircase-shaped CDF: F(z) = [*_ p(2/)da’.

Via one of the core results of probability theory, a CDF for a random variable defines a unique probability
measure on Xg,-. For the uniform CDF defined above, this probability measure P has value P(A4;) =
pr(A;)/pr(f(S)) on the intervals themselves and extends to the whole Borel algebra in a natural way.

N

The core result follows because (i) we can obtain a premeasure on the intervals via P([z,y)) = F(y) — F(x), (i) it is easy to show that this
extends to a measure on X g, and (iii) this measure is unique. For uniqueness of this extension see, for example, |12], theorem 3.7.

S

(Formally7 we define P(s) = pr(s N (U;A;))/ur(f(S)) for every s € ¥ por. This works for both the Borel algebra and its completion under ug.
To see that it is a probability measure, we observe that: (i) P(R) = ur(UA;)/pur(f(S)) = 1 since UA; differs from f(S) by a set of measure 0
under pgr. (ii) For disjoint countable collection {s;}, P(Us;) = pr((Us;) N (UA;))/pr(f(S)) = pr(U(si N (UA;)))/pr(f(S)). The right side is a
disjoint union, so by countable additivity of ur we get a sum of P(s;), and P satisfies countable additivity. (iii) P(s) is patently nonnegative.

J

Our uniform CDF therefore gives us a probability measure on (R, ¥g,,), embodying the notion of “uniform
probabilities” for the random variable f.

Prop 5.3:  Given (5,3, i), set S’ and any function f : S — S, there is a natural push-forward of u
to a measure (S', %}, i) It is given by p/(s") = pu(f~'(s')). A probability measure pushes forward to a
probability measure.

N

Pf: ;I,} is patently nonnegative. Consider a countable collection of disjoint events s/ € E}. Let s; = f~1(s}). By the definition of ¥, s; € X,
so Us; is as well. f=1(Us)) = Uf~1(s}), and if s, N s =0, f~ishn ffl(s;-) = (. We therefore have a countable collection of disjoint sets
s; € X. By the countable additivity of u, u(Us;) = Y u(s;). So p(f~1(Ush)) = p(Uf=1(s))) = n(Us;) = Y u(s;) = Zu}(sg), and we have
countable additivity for u’. Since p/;(S") = w(f~1(S") = u(S), both have the same total volume. If u is a probability measure, so is Wy

N

J\_

(Although there is a one-to-one correspondence between CDFs for f and probability measures on X p,,, there is no such relationship between
CDFs for f and probability measures on ¥. A given probability measure on ¥ pushes forward to a probability measure on E}, which restricts
to a probability measure on X p,,.. It therefore yields a CDF for f. However, given a CDF for f, there may be no measure, one measure, or
multiple measures on 3 that produce it in this manner. Consider S = {a,b,c,d}. As an example with multiple measures, let ¥ = 25 and
f: (a,b,e,d) — (1,1,2,2). A CDF has 1 degree of freedom. We specify a choice of p(1), let p(2) = 1 — p(1), and build our CDF from these.
However, a probability measure has 3 degrees of freedom: any set of nonnegative values on the partition basis ({a}, {b}, {c}, {d}) that sum to
1. There are more probability measures than CDFs in this case. As an example with none, use the same S, let ¥ = {0, (a,b), (¢,d), S}, and let
f:(a,b,c,d) = (1,2,3,4). Now, a CDF for f has 3 degrees of freedom and a a probability measure on ¥ has only 1 degree of freedom (since
the partition basis has only two elements). There are more CDF's than probability measures in this case.

Any p on ¥ pushes forward to a pi; on X, which then restricts to a y; on Y. Unfortunately, the opposite
does not hold. We cannot pull back a measure on ¥’ (or on X) to one on .

This is evident from the discussion of CDFs above, but let’s look at it from a o-algebra standpoint. Suppose we have u’ on Z}. Given s €

3, we are not guaranteed that f(s) € Z}, so we cannot use p/(f(s)). We could try something like the infimum of u/ over all open subsets of
f(S) containing f(s) or the supremum over all compact subsets of f(s), but this approach doesn’t necessarily yield a measure on X (since the
infima and suprema are in terms of f(s), not s itself).

The probability measure on X g, induced by our uniform CDF for f is not special from the standpoint
of any of the discussion above. There may be no, one, or many probability measures on > which push
forward to it.

We therefore must content ourselves with the notion of a uniform CDF for f, and the probability measure
this induces on X g,,. Existence and uniqueness are not guaranteed for a corresponding probability measure
on .
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6. MEASURE INDUCED BY A VOLUME FORM ON A MANIFOLD

Before we can establish that our measure on Qg is finite, we need a measure to begin with. We have a
manifold 2 = 7*@Q), and we want to find a way to construct a natural finite measure on each Qg C T*Q.
It turns out that any volume form on a manifold induces a corresponding measure on its Borel algebra.
Finding a natural volume form therefore gives us a possible avenue to obtaining such a measure. As it
happens, there is a natural volume form on  and Qg. We’ll derive this shortly, but first let’s see how a
volume form induces a measure.

Suppose we have an orientable manifold M. Since it is orientable, it admits volume forms. As a topological
space, it has an associated Borel algebra. Any volume form on M gives rise to a unique measure with
the properties we need on this Borel algebra. The intuition for this is relatively straightforward, but the
details are a bit involved.

Let v be a volume form on M. As discussed earlier, we can compute the differential-geometric integral
fo]Ul/\U for any open set U C M and any suitable function f : M — R. With f = 1, we obtain the
volume of U.

Let T denote the topology underlying M. Define a function p : T — R* via u(U) = [, vy (ie. [, ipv).
This p takes each open set to its volume under v and has two key features:

Recall that R* refers to the extended real line: RU {—o00, +co}. We define our functions to produce values in R, but it is quite possible for the
integral to be £oo.

(i) w(U) > 0 for U # 0 (and p(0) = 0) since we're integrating a volume form.
(ii) p is countably additive.

When we say ”disjoint” (here and elsewhere), we mean pairwise disjoint. Pairwise disjoint implies mutually disjoint (i.e. U; NU; = 0

for all 4, j implies N;U; = 0), but the converse need not hold. IL.e. pairwise disjointness is the stricter condition.
A\ J

(Pf: Let U = UU;. Since T is closed under arbitrary unions, we have U € T. Therefore, u(UU;) is well-defined. The set {U;} forms a )
disjoint open cover of U. Therefore, for each 4, the pair U; and U;-;U; form a two-set disjoint open cover of U as well. The only
way two disjoint open sets can cover topological space U is if each is a union of connected components of U (not to be confused
with the connected components of M itself). This means that each U; is a union of connected components of U. The differential-
geometric definition of integration then tells us that f;; v|y = =, fUi v|y,, a sum over the individual integrals.

If T were a g-algebra, these two properties would qualify p as a measure on it. As it is, we can think of u
as a sort of “premeasure”, for lack of a better term. We wish to extend this premeasure on 7' to an actual
measure on some o-algebra containing 7T'. The smallest possible o-algebra containing 7' is its Borel algebra,
so we'll at least need to extend p to this. Intuitively, such an extension involves assigning a measure to

closed sets and countable intersections.
A o-algebra is closed under complements and countable intersections, neither of which the topology is closed under. Therefore, we must assign
measures to these new sets and any that are generated from them. If u(M) is finite, we can define u(C) = (M) — p(C), but the countable
intersections are a bit trickier.

We're only interested in existence and uniqueness here, so we won'’t delve into the details of this particular
construction. FExistence and uniqueness are guaranteed by something called the “Riesz representation

theorem.”
(There are several Riesz representation theorems. The one we’re referring to is known as the Riesz-Markov-Kakutani representation theorem. J
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6.1. Premeasure as a functional.

First, let’s consider what we have so far. Given our manifold M and volume form v, we constructed a
function p : T — R which is positive (on nonempty sets) and countably additive. However, p isn’t a
measure because it is defined on a topology rather than a g-algebra.

Let’s now take a step back. Rather than explicitly trying to extend p to the Borel algebra, we’ll focus on
the volume form v on M. Consider the set C°(M) of functions M — R that are continuous with respect
to the topology of M and the standard topology on R. It is easy to see that C°(M) is a vector space over
R. Loosely speaking, we can view v as a linear functional that takes continuous functions on M to their
integrals.

(We say ”loosely” because v is *not* in fact linear on CO(M). We’ll soon see why. J

(See our earlier discussion of how we can integrate a *continuous® function on a smooth manifold using a smooth volume form v. J

For any given f € C°(M), fv is an n-form, and we can compute [, fr. This defines a map i : C°(M) —
R*, which takes each continuous function f: M — R to its integral a(f) = fM fuv.

[The image is R* because the integral may be oo in general. This is not just a minor technical issue; it is the central obstruction to f being a]

linear functional on C°(M) (and various other subspaces).

We cannot call /i a linear functional because it is a map to R* rather than R.

This problem is more than mere semantics. R* is not a vector space, or even an abelian group. co + oo = oco, which is impossible for an
abelian group since co + 0 = o0, so co would have two additive inverses. Similarly, co — co (or co + (—0o0)) is ill-defined. If we set it to 0,
then oo 4+ 0o — 0o is 0o or 0 depending on the order of operations. I.e., we lose associativity. We also have issues with scalar multiplication of
0 and +oo. Because [ is not a map to a vector space, we can’t call it linear.

However, ji is a linear functional when restricted to any vector space of functions whose integrals are
finite. The most commonly employed such subspaces are L*(M) and L*(M). We're considering continuous
functions, so we would want something like L*(M) N C°(M), the continuous absolute-integrable func-
tions. Restricted to this, or any vector subspace of it, /i is a linear functional. In our case, the subspace
Co(M) C LY(M) N C%M) (which we'll define momentarily) will be of interest, since it suffices for the
Riesz representation theorem.

Although the notation obscures it, L (M), L?(M), etc, depend on our choice of volume form v, since that determines the integrals and thus
the set of functions with finite integrals. However, C°(M) solely depends on the topology of M.

Both common forms of the Riesz-Markov-Kakutani representation theorem traffic in subspaces of L*(M)N
C°(M). One formulation requires a linear functional on Co(M) (the compactly supported continuous
functions), and the other requires a linear functional on Cy(M) (not to be confused with C°(M)), the
continuous functions that “vanish at infinity”.

Given locally compact topological space X and field FF = R or F = C, a function f : X — F ”vanishes at infinity” if for every ¢ > 0, there
exists some compact K C X s.t. |f(z)| < e for all z ¢ K (using the usual norm on F). Intuitively, there is a compact set outside of which

| f(z)| becomes vanishingly small. This is not quite the same as having compact support for f, but close. The set of continuous functions that
vanish at infinity is denoted Cp(X). It is easy to see that Co(X) C Cp(X) C C9(X) as vector subspaces. As with C°(X), the relevant field F
is implicit.

We'll use Co(M), so we’ll need the following result:
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Prop 6.1: The integral of any continuous compactly supported real function f on M is finite.
[Pf: Let K be the compact support of f. The image of a compact set under a continuous map is compact, so f(K) is compact in R, and thus ]

closed and bounded. Let a > 0 be the bound on |f(K)|. Then [ |f|v < [av. The volume of a compact region is finite, so a [ v is finite.

Note that this does *not* hold if f is just compactly supported. We need continuity. For example, 1/ on [0, 1] is compactly supported, but it
has a discontinuity at 0 and is not in L'([0, 1]).

This tells us that a volume form v on M is a linear functional on the vector space Co(M).

6.2. Riesz representation theorem.
To obtain a measure from a volume form, the key ingredient we need is the following:

Riesz-Markov-Kakutani representation Thm: Given Hausdorff, locally compact topological space X
and positive linear functional 7 : Co(X) — R, there exists a unique measure p on some ¥ containing the
Borel algebra of X and s.t. (i) p is finite on every compact subset of X, (ii) (X, 1) is measure-complete, (iiia)
1 is outer regular, (iiib) 4 is inner regular for open sets and sets of finite measure, and (iv) n(f) = [ fu
for all f € Co(X).

(See |13], p.40-47 (section 2.14) for a detail discussion and proof of this particular version of the theorem. J

Let’s decipher what this means, especially in the context of our problem.

e A “positive linear functional” on a vector space of functions is a linear functional 1 s.t. n(f) >0
for any purely nonnegative function (i.e. if f(z) > 0 everywhere). i is obviously a positive linear
functional whenever it is a linear functional. In particular, it is one on Cx(M).

e As usual, the Hausdorff condition let’s us speak of p(K) for compact K. Without that requirement,
property (i) would have no meaning since compact sets need not be measurable. We also require
it for (iiib), since inner regularity involves a supremum over compact sets.

e Because X is Hausdorff and locally compact, property (i) is equivalent to u being locally finite.

e Note the limitation on (iiib). In general, the Riesz theorem does not give us regularity (and thus
a Radon measure). However, it does so in many circumstances. In our case, we will be seeking a
finite measure. For any such measure, (iiib) is the same as ordinary inner regularity because the
entire Borel algebra has finite measure. IL.e. for a finite measure, (iiia-b) tell us that p is regular.

Put another way, if (iiib) doesn’t translate into full inner regularity, then p is not finite and our unique candidate for a satisfactory
measure cannot be normalized into a probability measure. I.e., we will be out of luck. We’ll have more to say about this below.

This is *not* an iff. If p is a finite measure, then (iiib) is true inner regularity. However, the converse need not hold. Suppose we

have true inner regularity. This means that (iiib) is automatically satisfied since the condition holds for all measurable sets. How-
ever, this does not imply that all measurable sets are finite. It is quite possible that the inner-regularity condition also happens to
be satisfied by sets of infinite measure. In fact, not even all the sets that fall under (iiib) need have finite measure; we could have

open sets of infinite measure. We’re not guaranteed that p is finite.

N J

Note that local compactness does not guarantee that every open set has finite measure. It says that every point has an open neigh-

borhood that sits in a compact set. Any such open set has finite measure, but such open sets by no means comprise the entire
topology. There may be many open sets that do not sit in compact sets and do not have finite measure.

A\

e Any manifold meets the topological criteria of being Hausdorff and locally compact.
e Any volume form on a differentiable manifold furnishes a positive linear functional on Ce (M), as
discussed.
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e (ii) may seem superfluous. After all, there is always a unique completion of a given Borel measure.
What really is being said is that we have a unique Borel measure with the specified properties.
This then has a unique measure-completion (which produces some larger o-algebra), and that
completion also has the specified properties.

If (i), (ilia-b), and (iv) hold for p on the Borel algebra, they also hold for its completion. The integral is unchanged by the
inclusion of sub-null sets. We saw in proposition that, for a locally compact space, local finiteness and regularity both
carry over to the completion (and it is easy to see that the same holds for (iiib) in its constrained form). We also saw in
proposition [£.10] that finite measures complete to finite measures.

e The integral over X is just an ordinary Lebesgue integral. The Riesz theorem furnishes a o-algebra
Y over X and a measure p on 3. Condition (iv) just involves the Lebesgue integral of f using ¥
and .

e In our case, since n is our i built from the volume form v, the integral condition really is just
that [,, fv = [,, fu, with the integral on the left a differential-geometric integral and the integral
on the right a measure-theoretic integral. L.e., p just endows our Lebesgue integral with the same
meaning as the differential-geometric one, at least for compactly-supported continuous functions
on open subsets of M.

(In effect, u extends the notion of volume embodied in v beyond the topology to the entire Borel algebra and its completion. )

e Note that it does not matter whether [ is defined (or a linear functional) on a larger space of
functions than Co(M). Since the theorem says “for every positive linear functional with property
foo on space bar there is a unique blah measure”, all we need do is to exhibit foo on space bar in
order to get a unique associated blah measure. It does not matter whether foo can be defined on
a larger space than bar.

e The unique (X, ) restricts to a unique almost-Radon measure satisfying (iv) on pls,, .

We don’t mean ”unique” in that no two p’s (ex. induced by distinct v’s on M) could restrict to the same measure, but rather that
a given v induces a specific almost-Radon measure that satisfies (iv) on Xp,,. The Riesz construction gives us (X, 1) as the comple-
tion of (Zpor, |, ) — so any other extension that isn’t partway to the completion (by including only some sub-null sets) would
require the addition of non-sub-null sets. I.e., we would need material changes to the o-algebra beyond ¥ p,, and its sub-null sets.

We can summarize the theorem as saying that each volume form on M furnishes a unique “almost-Radon”
measure on its Borel algebra. If that measure is finite, it is an actual Radon measure.

ILe., we'll use the term ”almost-Radon” to describe a locally-finite measure that satisfies (iiia) and (iiib). An almost-Radon measure may fall
short of true regularity — and thus fail to be a Radon measure — because of the limitation of (iiib) to open sets and sets of finite measure.
For a finite measure, almost-Radon is synonymous with Radon.

Suppose we have a volume form v on M and we take an open subset O C M. The following result tells us
that it doesn’t matter whether we restrict v and then apply the Riesz theorem or apply the Riesz theorem
and then restrict the resulting measure.

Prop 6.2: Given volume form v on n-manifold M, and open subset O C M, let (i)  be the almost-Radon
measure on M obtained by the Riesz theorem from v on M, (ii) let i’ be its restriction to O, and (iii) let
1" be the almost-Radon measure on O obtained directly from v|o. Then ' = p”.
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Bear in mind that p is on some o-algebra X, containing the Borel algebra of M s.t. (X7, ) is complete. Similarly, (2o, ¢’) is complete for
some Y containing the Borel algebra of O.

J\_

(Pf: (sketch) For brevity, we’ll use ”CSC” to mean continuous with compact-support. By proposition O is an embedded n-submanifold of

M. By proposition H their Borel algebras Eﬁ” and Eg‘” obey Eg” - Ef/[‘” (*not* a subalgebra on M, just a subset which is a o-algebra
on O). By proposition [4.14] the completion of the restriction is the restriction of the completion. As a result of all this, we need only show
that u/ = p” on Zg‘”". The Riesz theorem gives us an almost-Radon measure p on ¥ from v on M. As a manifold, T is locally compact, so
propositiontells us that its restriction u’ to Eg‘”" is also an almost-Radon measure. [Technically, that proposition was proved for Radon
measures, but it is trivial to see it holds for almost-Radon measures as well]. On the other hand, the Riesz theorem gives us an almost-Radon
measure p” on Yo from v|p. Let ¢ : O — M be the inclusion map. Since i is continuous, it takes compact sets to compact sets. Le., any
compact set in O is compact in M. Because O is open in M, any compact subset of O has a buffer in the sense that it is contained in an open
set of M. That means that any CSC function f on O extends to a CSC function fe on M by setting its value to 0 outside O. fM ferv = fO fv
because the support of fe is limited to O, and [, fev = [y, fep via the Riesz theorem since fe is CSC on M, and [, fv = [, fu'’ via the
Riesz theorem since f is CSC on O. Therefore [, fep = [, fu'’. However, by proposition W = plsg, 80 [o fen = [ fu' since fe =0
outside O. We therefore have [, fu' = [ fu”. [Technically, this requires a bit more justification because we never proved that the integrals
must be equal in such a case. However, it is fairly easy to see this from the definition of measure-theoretic integration — which we did not
develop in these notes.] The Riesz representation theorem tells us that there is a unique almost-Radon measure on X that has this property
\for all CSC functions on O. lL.e., i/ = p' because they agree on the integrals of all CSC functions on O.

As we’ll see shortly, our manifold Qg has a natural volume form on it — so the Riesz representation
theorem yields a unique measure satisfying (i-iv) on the Borel algebra of Q. Okay, that’s nice, but why
do we want a unique measure that satisfies those particular constraints? Obviously, if we impose enough
conditions on the measure we’ll get something unique. We need to justify this particular choice. Let’s now

do so.
Put another way, suppose there are many measures induced by v via the same ”natural” mechanism. We may be able to prove that only one
of them is ever a ”blurble” measure, but that is irrelevant unless we specifically want a ”blurble” measure. The mere fact of uniqueness isn’t
anything special. The Riesz theorem gives us existence and uniqueness. Existence of a measure satisfying (i-iv) is helpful because it tells us
that we have at least one naturally-induced measure. However, uniqueness is only useful to us if we specifically require a measure with the

properties (i-iv).

The need for (iv) is clear, since this is the key element that imbues i with our natural notion of volume.
If we want our measure to reflect this, we need such a condition.

Our ultimate goal is a probability measure, and we thus require a finite measure. Conditions (i) and (iiia-b)
stem from this, as we’ll now show.

For this, we only need uniqueness up to a finite scale factor. Normalization maps all finite measures that differ by a scale factor to the same
probability measure. If we have a natural choice of volume modulo a scale factor, or if our natural volume gives us a natural measure modulo
a scale factor, we’ll still end up with a unique probability measure.

Finiteness implies local finiteness, so any non-locally-finite measure is out of the running. Though local
finiteness is not a sufficient condition for our purposes, it certainly is a necessary one.

As we mentioned already, if p is finite, (iiib) is synonymous with true inner regularity. This means that
for any finite p, the Riesz theorem produces a Radon measure. By the contrapositive, if 4 is not a Radon
measure then it is not finite. I.e., from our perspective, requiring (iiia-b) is the same as requiring regularity.

But why require regularity at all? To anyone who has studied Lebesgue integration, it should have a
familiar feel (in fact, the Lebesgue measure is often defined via a similar approach). However, that doesn’t
justify it per se. The following proposition helps.
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Prop 6.3: Any finite measure on (the Borel algebra of) a locally compact, second-countable, Hausdorff
space is regular.

(See i4). J

Suppose that our manifold is second-countable. Proposition tells us that the only possible candidates
for a finite measure are regular. Taken together with our previous comment on local-finiteness, we see that
any finite measure must be locally finite and regular. IL.e., it must be a Radon measure. Put another way,
there are no finite non-Radon measures on the Borel algebra of a second-countable manifold. Since any
Radon measure is almost-Radon as well, there are no finite non-almost-Radon measures either.

The Riesz representation theorem gives us a unique almost-Radon measure p that adheres to the differential-
geometric definition of integration (via condition (iv)). If Qg is second-countable and this u fails to be
finite we’re out of luck; there can be no finite alternative, no matter how hard we look.

The converse does not hold. *If* we require second-countability, then we also require that p be regular in order to have any hope (but not
guarantee) of a finite measure. However, the need for a finite measure doesn’t require this assumption. If we don’t impose second-countability,
we very well could have a finite measure that is not regular. Second-countability is an additional constraint. We must justify it, which we now
will do. Note that the same argument does apply to (iiib) vs full regularity. In that case, if (iiib) doesn’t amount to true inner-regularity, then
p cannot be finite.

Why should we require second-countability? We've just replaced the seemingly arbitrary condition of
regularity with another seemingly arbitrary condition. However, second-countability is easier to justify as
a requirement.

Proposition tells us that for a Hausdorff manifold “second-countable” is equivalent to “paracompact
with a countable number of connected components”. By our definition of manifolds as paracompact and
Hausdorff, this means that second-countable is equivalent to having a countable number of connected
components. () and €2 and the Qg’s are all manifolds, so this holds for them.

Since the fiber R™ of T*(@) is connected, there is a trivial bijection between the connected components of
@ and those of T*@Q. L.e., if ) has a countable number of them, so does T*(). Unfortunately, connectivity
is not inherited in any simple way by Qp C TQ).

[If @ is connected, then 7@ is connected, but it is quite possible that Qg is not. Nor can we rely on the continuity of H to help us; the in- ]

verse image of a connected set such as g need not be connected, even under a continuous map.

However, proposition tells us that second-countability is inherited. As a result, if () has a countable
number of connected components, {2g is second-countable. It then satisfies the conditions of proposition
6.3, and any finite measure on its Borel algebra must be regular.

Suppose @ has a countable number of connected components. We saw that T*@Q then has a countable number of connected components as
well. By proposition this is equivalent to T*Q being second-countable. Proposition then tells us that Qg C T*Q is second-countable.

We'll either include second-countability of () in our definition of a manifold or add a physics postulate
(which is nonrestrictive in any meaningful physical sense) that the configuration manifold @ has a countable
number of connected components.

[As a practical matter, we usually take @ to be connected in classical mechanics. Even if not, it certainly is no great constraint to require a ]

countable number of connected components.
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Put simply, for any manifold () with a countable number of connected components, any finite measure on
the Borel algebra of Q or {2 must be a Radon measure.

The Riesz representation theorem tells us that we get a unique Borel measure p that is locally finite, outer
regular, almost inner regular, and is consistent with the notion of integration embodied in the volume
form v. We are aiming for a finite measure, and any finite measure automatically is locally finite and
(assuming second-countability of @), which we now are) truly regular. I.e., any viable candidate which can
be normalized to a probability measure must be a Radon measure. We are given a single almost-Radon
candidate by the theorem and told that it is the only almost-Radon candidate. If it’s finite, we are golden.
If not, then it is impossible to construct a suitable probability measure. No matter how clever we try to
be, and no matter how much domain-specific knowledge we employ, we cannot find an alternative because

none exists.
The Riesz theorem gives us a unique locally finite, almost-Radon (X, ) that satisfies (iv), is complete, and where X contains X p,.-. Strictly
speaking, much of what we said above applies to measures on X p,,.. However, the completion only adds sub-null sets with measure zero and
doesn’t change the measures of any other sets. ILe., if (3, ) is the completion of (X gor, it|x,,.) then all the relevant properties are inher-
ited — and not just inherited but with an iff. u is FOO on ¢ iff |z, . is FOO on X g, where FOO is "finite”, "regular”, ”almost-regular”,
?Radon”, or ”almost-Radon”. We have no extra flexibility, because X g, is smaller than ¥ only in ways that don’t matter. As an example,
proposition@ may speak of measures on X p,, but it applies equally well to their completions.

It turns out that the physical assumptions we have imposed so far are not sufficient to guarantee the
finiteness of u. We are forced to adopt an additional constraint, albeit a very reasonable and mild one.
We will do so shortly, but let’s first understand how our volume form arises.

At this point, we may wonder whether a volume form is too restrictive. After all, a volume form must be positive, but a measure need only be
nonnegative. All volumes defined by v on a manifold must be positive, but a measure can have measure-zero sets. Shouldn’t the correspond-
ing notion be a nonnegative n-form? There are two issues at play here. First, we never said that every finite measure on the Borel algebra
defines a volume form (it does, but we never said so). The more relevant consideration is *which* sets the volume form defines a volume on.
It only defines the volumes of open sets, but proposition@ tells us that every nonempty open set is an n-dimensional submanifold of M. As
a result, there are no measure-zero nonempty open sets in the Borel algebra (or in its completion). The open subsets of a manifold have heft.

7. REVIEW OF SYMPLECTIC MANIFOLDS

Let’s now see how a natural volume form arises on €2, and thus on Qg. Our 2 is a cotangent bundle, and
every cotangent bundle has a symplectic structure via the Poincare 2-form (which we’ll discuss shortly).
We’ll therefore make a brief digression to review symplectic manifolds.

We’ll begin with the definition of a symplectic form on a vector space. This is most easily understood in
contrast with the more familiar notion of an inner product, so we review that and draw the comparison.
Then we define a symplectic form on a manifold and discuss the tautological one and two forms on a
cotangent bundle.

A symplectic form w on finite-dimensional vector space V' over field K is a map w : V x V' — K that is:
e (i) Bilinear.

e (ii) Nondegenerate: w(v,w) = 0 for all w iff v = 0.
e (iii) w(v,v) =0 for all v.
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Property (iii) is equivalent to anti-symmetry (w(v,w) = —w(w,v)) for fields of characteristic # 2. In
particular, the two are equivalent for K = R, C (which both have characteristic 0). We’ll exclusively
consider real symplectic forms (i.e. K = R) here.

[One can define a notion of symplectic form on an infinite-dimensional space, but it is far more complicated. We’ll assume a finite dimension in]

these notes.

Prop 7.1: A symplectic form can only be defined on an even-dimensional vector space.

(This will be most evident when we discuss Darboux coordinates. )

Pf: Pick some v1 # 0. Since v1 # 0 and w is non-degenerate, there exists some vf # 0 s.t. w(v1,v]) # 0. Since w(v,v) = 0 and w is bilinear,
we know that v} is not proportional to vi. Le., they are linearly independent. We thus have a pair of basis elements for V. Next, consider the
subspace V' C V consisting of all v € V that are linearly independent of v; and vj. A vector is linearly dependent on vy and v iff it satisfies
w(v,av1 + bv}) = 0 for some a and b. Le., we may write V = V4 & V’, where Vi = span(v1,v]) and V' has all vectors linearly independent of
them. V' therefore consists of all v/ € V s.t. w(v/, V1) = 0 (meaning that w(v’,v) = 0 for every v € V7). We next repeat this process on V'’
to obtain V/ = Vo @ V", and so on. Since V is finite-dimensional, we eventually run out of pairs. If V is odd-dimensional, we would end up
with a final one-dimensional vector space — call it V/. Suppose v’ € V¥ is nonzero. By construction, w(v’,v) = 0 for all v ¢ V/, and by (iii)
w(v’,v) =0 for all v € V. Te. w(v/,v) =0 for all v € V but v/ # 0, which violates (ii). Therefore, V must be even-dimensional.

7.1. Brief review of Inner Products.

A symplectic form can be thought of as the antisymmetric counterpart of an inner product, so let’s briefly
recall some salient features of inner products. An inner product a on a real vector-space V is a map
a:V xV — R that is (i) bilinear, (2) symmetric, and (3) positive definite.

In fact, real inner products and symplectic forms are closely related in another way. Recall that a Hermitian inner product on a complex vec-
tor space V isamap H : V X V — C that is (i) linear in the first argument (H(cv + w,u) = ¢ - H(v,u) + H(w,u) for ¢ € C), (ii) conjugate
symmetric (H(v,w) = H(w,v)), and (iii) positive definite (H(v,v) > 0). The first two imply that it is conjugate linear in the 2nd argument:
H(v,cw + u) =¢- H(v,w) + H(v,u). Given a Hermitian inner product H, we may write it as H = a + iw. If we view V as a 2n-dimensional
real vector space in the usual way, then « is a (real) inner product on it and w is a (real) symplectic form on it.

Any inner product a on a real vector space V defines the following:

e A special class of bases called the “orthogonal” bases, for which the basis vectors satisty a(b;, b;) =
¢;0;; for some ¢; > 0.

e A special class of linear automorphisms on V' called “isometries” (aka “orthogonal transforma-
tions”), which preserve the inner product.

(I.e. an isometry is an invertible linear map 7' : V — V s.t. a(T(v), T'(w)) = a(v,w). J

o A special class of bases called the “orthonormal bases”, for which the basis vectors satisfy «/(b;, b;) =
ij.

(Obviously, these are orthogonal bases as well. J

The general linear automorphisms on V' form the group GL(V'), and the isometries form the subgroup
O(V). Each linear automorphism can be viewed as either a “passive” change of basis or an “active”
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transformation of vectors.
In linear algebra, the terminology can be problematic. Points in V are referred to as vectors and points in GL(V') are referred to as linear op-
erators (or linear transformations), and both are independent of basis. In a given basis, the numeric expansion of a linear operator in terms of
the basis elements is a matrix — so there is no ambiguity in the language. However, the numeric expansion of a vector is also referred to as a
vector. This can make it difficult to linguistically distinguish a vector as an abstract object from an n-tuple of coefficients in a particular ba-
sis. We'll therefore use the term matrix for numeric arrays, whether a column or row or square, and reserve the term ”vector” for the abstract
object. A 1 X n matrix is a row, an n X 1 matrix is a column, and an n X n matrix is a square.

Under a basis change, we replace our choice of basis vectors B = (by,---,b,) with some other B’ =
(by,...,0,), where B and B’ each is a set of linearly independent vectors. A vector v € V doesn’t
change, but its coefficient expansion in terms of the new basis is different. On the other hand, under a
transformation our choice of basis vectors remains the same but v actually changes. Its coefficients in our
basis B therefore change as well.

N
Consider basis B = {b1,...,b;} and linear automorphism 7' : V' — V and vector v € V. In basis B, v has a unique expansion v = Y ¢;b; for
some coefficients ¢; in the relevant field K (which we’ll take to be R for the current discussion). IL.e., ¢I’ = (c1,...,cn) is the row matrix for v
in the basis B, and c is its column version. T is a new vector, whose expression in basis B is Tv = Y c¢;b; for some ¢’. If the expression for T

in basis B is the square matrix M, then ¢/ = Mc, a matrix equation. This is the active transformation.

Under a change of basis, the row (and column) matrix for each vector changes *and* the square matrix for every transformation changes.
Suppose we express B in terms of B’ as b; = Sjib;-. Then S is a square matrix whose " column is just the column-matrix for vector b; in
the basis B’. If c is the column matrix for v in B, then ¢/ = Sc is the column matrix for v in B’. Suppose some linear operator 7" has (square)
matrix expression M in basis B. Then the matrix expression for Twv is Mc in basis B and SMc in basis B’. If M’ is the matrix expression for
T in B’ then T has expression M’Sc in basis B’. These two must be equal, so SMc = M’Sc for all ¢, which gives us M’ = SMS~!. This is

the basis-change behavior of the matrix for a linear operator 7.

s N
Given any T € GL(V), we may regard T as either a basis change or a transformation. Suppose its expression in basis B is the (square) ma-
trix M. As an active transformation, it takes each b; to some b} (as it does for any vector v). Since the column matrix for b; in basis B is just
cz = 5{ (where we use a superscript for clarity only), the expression for b; in basis B is c; = Mjkc;“ = Mj;. lLe., b; = Mj;b;. This tells us

that M acts as the inverse of the corresponding S. This makes sense, since S expresses B in terms of B’. Put another way, a linear operator

viewed as an active transformation has the inverse matrix expression as when viewed as a basis change. This isn’t because its coefficients dif-

fer in a given basis, but rather how we use them. In one case, we use M and in the other we use S = M 1.

We can use the isometry group O(V) to partition the set of all bases into classes via the equivalence
relation: B ~ B’ iff the basis change is an isometry. The orthogonal bases form a single equivalence class.

In any basis, if T € O(V), its matrix representation M (and thus the corresponding basis-change representation S = M ~1!) is an orthogonal
matrix — meaning that MTM =1. Te. M—1 = M7T.
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p
In any orthogonal basis, the matrix for the inner product a is diagonal. Its diagonal elements are the lengths of the basis vectors. What do
we mean by this? An inner product induces a norm on V, and the length of a vector is y/a(v, v).

N

J\_

(Since isometries don’t change a(v,w), they don’t change the norms of vectors. The lengths of vectors therefore don’t change under an
isometry-induced basis change, and this includes the lengths of the basis vectors themselves. All that changes is our choice of basis vectors

— and the new basis vectors can have different lengths from the old ones. But wait — the eigenvalues of a matrix are invariant under basis
changes, and the eigenvalues of a diagonal matrix are just its diagonal elements. At most, a basis change should permute them. What gives?
The problem is that we are using ”matrices” to represent two distinct types of objects, and these transform differently under a basis change.
As we saw, the matrix representation of a linear operator transforms as M’ = SMS~!. Consider the inner product a, and suppose its matrix
representation is M in B and M’ in B’. In order for a(v,w) to be invariant under basis change S, we need ¢/T M'd’ = ¢ Md, where ¢ and

¢’ are column vector representations of v in B and B’ and d and d’ are those for w. The primed expression becomes ¢I' ST M’Sd = T Md.
Since this must hold for all ¢ and d, we have M’ = (ST)~1MS~!. This is a different transformation rule than that of a linear operator. How
can a matrix transform in two distinct ways? We’ve been very sloppy in our use of the term. As a numeric array, a ”matrix” doesn’t ”trans-
form” at all. It’s just an array of numbers. If we want to speak of matrices as ”transforming” under a basis change, we must provide a rule
that maps matrices to matrices. This rule is external information and depends on the type of object the matrix represents. What we think of
as ”ordinarily behavior” is that of the matrix representation of a linear operator, aka a (1, 1)-tensor. On the other hand, a bilinear form such
as the inner product is a (0, 2)-tensor (meaning that it takes two vectors as arguments and returns a scalar). Both « and T have square-array
representations in a given basis, and we can use matrix algebra in the ordinary way to work with both — but we must be very careful to dis-
tinguish their behaviors under basis changes. They are fundamentally different types of objects. This distinction is obscured when confining
ourselves to isometries — since (ST)"!MS~! = SMS~! in that case — leading to the impression that this is universal. It is not, and their
behaviors differ in general. Returning to our original concern, we can define eigenvalues for any numerical matrix. However, these are only in-
variant under similarity transforms of matrices. The matrix for a linear operator changes via a similarity transform under a basis change, but
the matrix for an inner product does not. Therefore, the eigenvalues of the matrix representation of an inner product are not meaningful be-
cause they are basis-dependent.

Within the class of orthogonal bases, there is a subclass of orthonormal bases. In an orthonormal basis,
the inner product takes the form of the identity matrix.

Note that there is no such thing as an ”orthonormal matrix” or an ”orthonormal linear operator” or an ”orthonormal subgroup of isometries”.
The only orthonormal concept is that of a basis. Similarly, the notion of orthonormality does *not* lead to a refinement of the partition (on
the set of all bases) into smaller classes of bases. The orthonormal bases form a subset of the class of orthogonal bases, nothing more.

7.2. Symplectic forms on Vector Spaces.

Now let us consider a symplectic form w on V. Just as an inner product gives rise to a notion of orthonormal
bases and orthogonal transformations, a symplectic form gives rise to a notion of symplectic bases and
symplectomorphisms (aka canonical bases and canonical transforms). A symplectomorphism is an isometry
of the symplectic form. I.e., it is an automorphism that preserves the symplectic form.

More generally, let (V,w) and (V/,w’) be two vector spaces equipped with symplectic forms. If 7' : V. — W is an invertible linear map, we re-
quire w’ (T, Tw) = w(v,w) for all vectors v, w. We’'ll be focusing on automorphisms, so V/ = V and w’ = w. However, when we discuss sym-
plectic manifolds, we’ll need to consider more general symplectomorphisms. Note that we could have generalized in a similar manner our dis-
cussion of inner products, speaking of invertible linear maps and inner-product preserving isometries between different inner-product spaces.
We chose to provide the bare minimum necessary for our purposes, so we stuck with ”transformations” (and basis changes), which are auto-
morphisms.

Just as an orthonormal basis (eq, . . ., €,) is one in which a(e;, e;) = 6;;, a symplectic basis (eq, ..., en, f1,. .., fn)
is one in which w(e;, e;) = 0, w(fi, f;) = 0, and w(e;, f;) = ;5. Le., any symplectic basis has an intrinsic
pairing of basis vectors (e;, f;).
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e N
There are two ordering conventions: (i) (e1, f1,e2, f2,...) and (ii) (e1,...,€n, f1,..., fn). Bach is useful for some purposes and clumsy for

others. Most of the time, (ii) is preferable because it allows transformation matrices to be represented as 4 big n X n blocks rather than n

0o I

I 0 ), where [ is the n X n identity

small 2 X 2 blocks. Under convention (ii), in any symplectic basis, w takes the matrix form J = (

matrix. Le., w(v,w) = vT Jw in such a basis.

N J

The counterpart of ”orthogonal” bases (which presumably would involve w(e;, f;) = ¢; for some nonzero ¢; > 0) doesn’t come up, so it appar-

ently is not useful.

7.3. Symplectic manifolds.

A “symplectic form” on a manifold M is just a closed nondegenerate 2-form. A manifold with a symplectic
form is termed a “symplectic manifold”.

(Recall that a nondegenerate 2-form has w(v, w) = 0 for all w iff v =0, and a closed form w has dw = 0. J

The terminology is not ideal. One speaks of an ”inner product” on a vector space and a ”Riemannian metric” on a manifold, so there is no
room for confusion. However, the term ”symplectic form” is used for both the object on a vector space and the object on a manifold.

Like a Riemannian metric, a symplectic form on a manifold comprises additional structure. Even if there is a unique or natural symplectic
form that we obviously would use, we still must be clear that we are working in the category of symplectic manifolds rather than that of man-
ifolds. We’ll write (M, w) for a symplectic manifold.

It is easy to see that a symplectic form on M is just a suitably differentiable choice of (vector space) symplectic form on each tangent space
TpM. Consider wp : TpM x T,M — R. As a 2-form, it is bilinear and antisymmetric. Nondegeneracy is a point-wise property, so this car-
ries over to wp as well. Therefore, wy, is a symplectic form on T M. Note that the converse is not true. If we have a symplectic form on each
T M, these don’t necessarily combine into a symplectic form on M. This is true even if they vary smoothly. A symplectic form must also be
closed, and this involves a specific set of differential equations for the coefficient functions in each chart.

Following up on the previous comments, why *do* we require w to be closed? It turns out that if we omit this condition, we get ”almost-
symplectic” forms, which are quite useful for many purposes. *If* dw = 0, we get a lot of nice properties (ex. Darboux’s theorem) and con-
sequences that align with the laws of physics. IL.e., this is the mathematical object that best codifies certain physics. That isn’t necessarily a
justification for *demanding* closedness in the definition, but since the objects of interest to us stem from their utility, defining it this way
isn’t unreasonable. In physics, the relevant symplectic form *is* closed. As we will see in a moment, it is the Poincare 2-form on T*Q —
which is not only closed, but exact. It would be natural to adopt this as the template for our definition. Requiring exactness turns out to
be unnecessary, and we get everything we need with closedness — so this is probably why the definition includes that. Ultimately, it is just

a matter of convention and nomenclature.

A “symplectomorphism” is a diffeomorphism which preserves the symplectic form. If a symplectomorphism
exists between (M, w) and (M’ '), they are considered the same from a symplectic standpoint.

(Formally, a diffeormorphism f : M — M’ is a symplectomorphism if f*w’ = w, with f* the pullback. )

>
A given manifold may have no symplectic forms or many symplectic forms. If it has symplectic form w, then cw is symplectic for every ¢ # 0.
Note that (M,w) and (M, cw) are *not* related by a symplectomorphism in general.

A\

It is easy to see that a symplectomorphism f induces a (vector space) symplectomorphism T' : T, M — Tf(p)M’. As a diffeomorphism, f
defines an isomorphism f|p : TpM — Ty M via (fi|pv)(g) = v(g o f) for v € Ty M and any smooth fn g on M’. Since f*w’ = w, and f* is
defined as (f*w’)(v,w) = W' (fxv, fxw), we see that w’'(fiv, fsxw) = w(v, w). Our invertable linear map T is fx|p : TpM — Ty(,yM’, and it does
indeed satisfy w}(p) (T, Tw) = wp(v,w).

N J

Prop 7.2: Darboux’s Theorem: Given a symplectic 2n-manifold (M,w), every point x € M is con-
tained in some chart where (in the coordinate basis) w = > dq’ A dp'.

(See [4], corollary 8.1.3 for a discussion and proof. J

(Wha.t we mean by this is that we can choose a pairing of the coordinates in such a chart so that the expression is as stated. J

These are called ” Darboux coordinates” or ”Darboux charts”. It is easy to see that, in them, each wp, has the canonical matrix form J on vec-
tor space T M when expressed in the corresponding coordinate basis. I.e., the coordinate basis for Darboux coordinates is a symplectic basis.

This m
choice ¢
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N

P
In the context of classical mechanics, ”canonical coordinates” are just Darboux coordinates associated with the natural symplectic form on
T*Q (which we’ll describe shortly).

Bear in mind that w is a symplectic form regardless of its expression in local coordinates. In Darboux coordinates (i.e. in those charts of the
maximal atlas that are Darboux charts), it happens to take the nice succinct form we are used to. This makes these attractive to work in.

N J

Suppose we have two symplectic forms w and w’ on M, each with its own associated Darboux atlas (with both atlases subsets of the maximal
atlas that forms the differential structure on M). Even on a smooth real manifold, it is possible to have w = w’ on an open set but w # w’
elsewhere. l.e., the atlases need not be disjoint and can have Darboux charts in common. They can even have the same expressions in those
charts.

Just as we lose no generality by sticking to a smooth atlas, we lose none by sticking to a Darboux atlas. This is why some treatments (mis-
leadingly) act like Darboux charts are the only charts or symplectic forms always have this simple expression.
A\

Prop 7.3: The converse holds too. Given a 2-form w on M, if there exists a Darboux atlas for it (i.e. if
we can cover M with Darboux charts of w), then w is a symplectic form on M.

Pf: Given any z € M, by assumption there is some Darboux chart containing it. In this chart, w = dg® A dp®, where we’ve ordered the
coordinates as needed. This trivially is closed and nondegenerate on the chart. Since w (as a 2-form) is independent of the chart, this means
it’s closed and nondegenerate on an open set containing x. This is true for all z, so we have our result.

Any symplectic manifold (M, w) has a natural volume form w™. This means that M is orientable and has
a natural orientation which makes w™ positive on every connected component.

p
This is easy to see in Darboux coordinates. If we pick a particular Darboux chart as our starting point, then there is a unique maximal ori-
ented atlas containing it. There also is a unique maximal Darboux atlas containing it. The intersection of these is an oriented Darboux atlas
(i.e. it covers 2). Note that if we chose a different starting Darboux chart, we could end up with a different orientation.

N

s N
This canonical volume actually is only specified up to a factor. Some people use w™, but many define the volume form to be “:TT The factor
amounts to a choice of units. For our purposes, it is irrelevant because we’re deriving a probability measure. Any scale factor will be washed

away when we normalize our volume-derived measure.

If we replace w with cw (for some ¢ # 0), then the volume form would become ¢"w™. Note that it doesn’t matter if the sign is — (as is the
case when ¢ < 0 and n is odd), because the sign of w™ is arbitrary anyway. In fact, the most general form would be a - ¢" - w™, where a # 0
is the scale factor we imposed in our previous comment, and c is the scale from changing the symplectic form. If we pick a sign, there exists
an orientation that makes a - ¢ - w™ a volume form. As with a, any choice of ¢ will be washed away when we normalize our volume-derived
measure into a probability measure.

Prop 7.4: Any open subset of a symplectic manifold is a symplectic manifold.

Pf: An open subset of M is an embedded submanifold of the same dimension as M, so we can just restrict w to it. Nondegeneracy and closed-
ness are preserved, since both are local properties.

A quick note on complex manifolds: It may be tempting to imagine that any complex manifold is symplectic
when viewed as a 2n-dimensional real manifold, using the obvious split into real and complex components
as its symplectic pairing. This is not the case.

C™ is symplectic when endowed with the usual Hermitian inner product, but not as a plain old differentiable manifold. More generally, a com-
plex manifold by itself is not symplectic, but a complex Hermitian manifold (i.e. a complex-analytic manifold with a specific Hermitian metric
on it) is symplectic when viewed as a 2n-dimensional real manifold in the usual manner. In that case, the symplectic form is just the imagi-
nary part of the Hermitian metric, taken point by point as described earlier.

7.4. T*(Q) as a symplectic manifold.

Given any differentiable manifold @, its cotangent bundle 7@ is a symplectic manifold with a natural
symplectic form. We will need this form, so let’s see how it arises.
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Intuitively, the basic idea is simple: we have a natural pairing of coordinates on T*(Q) given by (with lots of
caveats to be discussed below) associating a local coordinate ¢; on ) with the corresponding basis vector
dg; in the vector space T7Q.

7.5. Tautological 1-form on T*(Q).

Any cotangent bundle 7*Q has a special 1-form (variously called the “tautological” or “canonical” or
“fundamental” or “Poincare” 1-form).

As a vector bundle, T7*@) has a canonical projection 7 : T*() — ) that takes each cotangent space T;()
to the underlying point ¢ € @ via 7(q,w,) = ¢. This induces a push-forward =, : T(7T*Q) — T'Q and a
pull-back 7* : T*Q — T*(T*Q).

At each point (q,wq) € T*Q, m+ takes T(qwq)(T*Q) to TyQ. As such, it is a point-by-point map between tangent spaces. It does *not* take
vector fields to vector fields. The map 7 is non-injective, so pushing forward a vector field would require us to select which point’s tangent

space we map to T¢Q. The pull-back 7* of a 1-form suffers no such deficiency because a function can’t be one-to-many, so we can pull back
1-forms as fields.

(Formally, the push-forward is given by (7.v)(f) = v(f o m) and the pull-back is given by 7*w(v) = w(w«v).

—

Consider a given point z = (q,w,) in T*Q. w, is a linear map 7;¢) — R. Define covector 0, via 04, (v) =
wq(mev) (where v € T(4,,)(T*Q)). Le., 0. is the pull-back of w, at that point.

This defines a special 1-form on T*@Q), obtained by pulling back the 1-form on ) which each point in 7*Q)
represents. Even though constructed point-by-point in this fashion, the resulting object is indeed a 1-form
on T7*Q).

p
I.e. 0, expressed in each chart’s coordinates, is suitably differentiable for the manifold. It patently looks like a 1-form at each point, so this is
the only potential obstruction to being a 1-form on 7*Q.

N

Note that 6 isn’t the pull-back of a 1-form on Q. Rather, we have pulled back each cotangent space in a way which relies on the wq for the
underlying point in 7*@Q. Why do this? A section of 7*@Q is a 1-form on @. If w is such a 1-form on @, then 7*w is a 1-form on 7*Q), aka a
section of T*(T*Q). It replicates wq on each point in the fiber over g, effectively discarding n of the degrees of freedom we have. However,
only one point in that fiber over ¢ actually corresponds to (¢,wq). Any given 1-form on @ yields this sort of uninteresting 1-form on T%Q. We
don’t have a preferred 1-form on @, but we do have the extra n degrees of freedom to compensate for that. By using these, we can build a
special 1-form on 7@ point-by-point in the fashion described.

0 is the unique 1-form on T*(@) which is consistent with the “meaning” of T*() as a manifold of 1-forms.
Le., for every (q,wg), O(quw,) is the pull-back of w, along 7.

Let’s see what’s really going on here at the coordinate level. A 1-form 6, at the point z = (q,w,) € T*Q is
a linear function on the tangent space of T*Q at z. If we pick a basis {e;} for T;Q, then w, = ) c;e; for
some coefficients ¢;. In a given chart (U,1)) on @), we have a set of coordinates (q; ...¢,). These induce
coordinate bases (91, ...,0,) for T,Q and (dq',...,dq") for T70Q.

A tangent vector is a linear map from smooth functions on @ to R, and 0;f = (’?va at each point ¢ € U, with O on the right side denoting
i

the ordinary partal derivative in R”. Similarly, dg® is a linear map from 7,Q — R, given by dg* (95) = 6; ILe., if we pick a specific set of

coordinates and use the corresponding coordinate basis for T;Q, then wg = > c;dg® for some coefficients c.

Denote by V* = R" the canonical fiber for 7*Q. Le. T;Q is diffeomorphic (as a manifold) and isomorphic
(as a vector space) to V* for every ¢ € ). Because T*(@) is a vector bundle, it locally looks like O x V* for
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some O C ). Around each point ¢ € U, there is some such O, so we’ll confine ourselves to a chart that
restricts ¢ to O’ = O NU. Within O’, 771(0’) looks like O" x R™, with (dq¢,...,dq") the common basis
for all the fibers. Any vector in V* can be written w = >_ ¢;dg* for some set of real ¢;’s. These ¢;’s are the
“coordinates” for V*. Le., our local coordinates for T*@Q are just (q1,...,qn,C1,---,Cpn)-

Note that the dq® are *not* coordinates. They are basis vectors. The coordinates which parametrize V* are the coefficients when we expand
in those basis vectors.

Consider T,(T*@), the tangent space to T*Q at z = (q,w,). Since T*Q locally looks like O" x V*, T,(T*Q)
separates into a product of tangent spaces. Any vector at z can be written (v, w), with v € T,Q just a
tangent vector to () at ¢, and w a tangent vector to the copy of V* over q.

A 1-form at z takes T, (7*Q) to R. However, we have a natural map of this sort since the point z contains
the 1-form w,. As a 1-form at ¢ on @), w, can eat the v part of our (v, w) tangent vector. Like the tangent
space at z, the cotangent space T(7T*(Q)) also is a product space. This means that we can define a 1-form
(wq, 0) which takes (v, w) to wy(v). Le., we just use the 1-form part of z to define a 1-form on 7% by
ignoring the tangent to the fiber. The result is the canonical 1-form 6.

Since the local coordinates we’ve chosen on T*Q) are (qi,...,qn,C1, ..., Cyn), the corresponding coordinate
basis for T (T*Q) would be written (dq',...,dq", dc', ... dc"). Any 1-form on T*Q at z can be expressed

w, = Y. a;dg' + > bidc.

For our special 1-form 6, the b;’s are all zero, and 6, = > a;dq". However, these a’s are just those of w,
(from z = (¢, w,)) when expressed in the coordinate basis on T;Q. Le., if wy, = Y ¢;dg’, then 0, = >~ cidg’".

This notation is a little deceptive, because dg® is doing double duty as a basis vector in two distinct vector spaces. If we write T(*q w )(T*Q) =
aq

W1 x Wa, where Wy is the part acting on T4,@Q and W3 is the part acting on vectors tangent to the fiber, then there is a natural isomorphism

between W1 and 77 Q. Formally, this is obtained via pull-backs and push-forwards along the projection map. The natural isomorphism takes

dq® in one vector space to the corresponding dg’ in the other.

The ¢’s parametrize the cotangent fiber over ¢ and are commonly denoted (p,...,p,). To avoid allowing
preconceptions to creep in, I chose to call them something different so far. We’ll now revert to the ordinary
usage. Replacing the notation ¢; with the usual p;, we have 6 = >, p;dg".

The interpretation of this expression requires care. The dg® here are one-forms on T*Q. If (g1,...,qn,P1,- - -,Pn) are our coordinates for

7~ 1(0) C T*Q, then the dg’ are local one-forms. As such, they can serve as basis vectors for the cotangent spaces — much as we did before.
The p’s are coordinates on an equal footing with the ¢’s, and we can define the local coordinate one-forms dp?. Each p; is (locally) a function
on T*Q, just as each g¢; is. It is *not* a function on Q. Le., dp’ is not the differential of a function on @, and it cannot be expressed in terms
of the dg*’s as if it were.

Prop 7.5: 6 is not closed. L.e. df # 0.

Pf: As mentioned, the p’s and ¢’s are on an equal footing as coordinates for 7*Q. Each dp® is an independent one-form, linearly independent
everywhere from the dg*’s. As such, df = > dp® A dg'. Once again, p; is not a function on @ and we cannot express its derivative in terms of
the dg®’s. The expression df is patently nonzero.

7.6. Tautological 2-form on T*(Q).

Since the tautological 1-form 6 on T*() is not closed, its exterior derivative is not zero. We can take this
derivative to get a tautological 2-form w = —df. As we saw, in (p,q) coordinates, df = _ dp’ A dq'. The
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minus sign is just a convention to put the ¢’s before the p’s, as is common in physics. We therefore have
w=>dq" A dp.

As with 0, w is variously referred to as the “tautological” or “canonical” or “fundamental” or “Poincare”
2-form. It is a natural 2-form on the cotangent bundle of every differentiable manifold, and it has some
very nice properties.

w looks symplectic, but does that mean it has the Darboux form in every possible chart? If so, the
symplectic atlas would be the entire maximal manifold atlas for T*(@. The answer is no. The Darboux
form is an artifact of how we constructed the p’s from the ¢’s.

Given any chart (U,v) of @ and any open set O C U s.t. T*Q) looks like a product space over O, there is
a corresponding manifold chart for 7*() in which w has this canonical form. However, such charts form a

tiny subset of the total (manifold) charts of T%Q).

The chart is defined using (q1,...,4n,P1,.-.,Pn) as its coordinates. Let (U, ) embody this chart (with U C Q and ¢ : U — R™ the
homeomorphism to a subset of R™). From this, we can obtain both a manifold and vector-bundle chart for 7*Q over O’ = U N O. The
manifold chart is (7=1(0’), "), with ©'(q,wq) = (q1,---,qn,P1,---,Pn), where (q1,...,gn) is just ¥(q) (i.e. the coordinates conferred by
1) and p1,...,pn are the coefficients (in the coordinate basis) of wy. Le., wg = > p;dg’. The vector-bundle chart is (7~ (0’), ¢), with
#(q,wq) = (¢; (P1;-- -, Pn))-

Not all manifold charts of T*Q@ arise this way. Some may involve open sets that contain pieces of fibers (i.e. which aren’t 7—1(U) for some
open U in Q) or which involve nonlinear parametrizations of the covector spaces over points. Such charts obviously wouldn’t also serve as
vector bundle charts since they lose either the product structure or the linear parametrization of the fiber (which is part of the definition of
a vector bundle atlas). Suppose we just consider charts of the form (g1,...,¢gn,c1,...,cn), obtained by picking some non-coordinate basis
vl,...,v" for V*, expanding each wg = > c;v?, and using the coefficient ¢’s as our parametrization. Such charts can serve in both the man-
ifold and vector-bundle atlases for T*Q because they preserve the local product structure and are linear parametrizations. However, w won’t
take the canonical form 3 dg* A dp® in them. Nor does @ = > p;dq’ in these charts.

Since we have a set of (manifold) charts which cover T7*@Q and in all of which w takes the Darboux form,
T*@) is a symplectic manifold.

We could also show this directly. w is clearly bilinear and antisymmetric. As an exact differential form, it also is closed. Showing that it is
non-degenerate is not difficult either.

8. PUTTING IT ALL TOGETHER

We're now in a position to assemble all this machinery into a notion of uniform probabities, usable by the
AEAP. Let’s briefly list our assumptions and what they imply.

Our physical assumptions are:

e (i) A classical system has an associated real, differentiable, second-countable finite-dimensional
n-manifold @), called its “configuration manifold”.

The other physical assumptions of classical mechanics offer a prescription for constructing @ in any given case, but we don’t
care about that here. All we need to know is that @ exists and can be provided to us for any system under consideration.

e (ii) The full state space of a classical system with configuration manifold @ is Q = T*Q.
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e (iii) A classical system has a suitably differentiable Hamiltonian H : T*Q) — R that tells us the
energy of each state.

As with @, the other physical assumptions provide a prescription for constructing H in any given case, but that doesn’t con-
cern us here. We only care that H exists and is known.

These imply the following;:

e () and T*(Q are differentiable manifolds, so we can assume smoothness without any loss of generality.
[See the embedding theorem [2.4]]

e Given any open interval 6p = (F — ¢, E +¢), Qg = H *(dg) is open in §2 since H is continuous.

e Being an open subset of 2, Qg is an embedded 2n-submanifold of €. [See proposition [2.6]]

e Being manifolds, @, €2, and 2 are locally compact, paracompact, and Hausdorff. However, being
a vector bundle, € is always noncompact. {2 may or may not be compact. [See section [3.2}]

e Since () is second-countable, its cotangent bundle T*() is second-countable, and the submanifold
Qp C T*(Q is second-countable. [See the comment in section and proposition [2.2}]

e Being a cotangent bundle, € has a tautological 2-form w. [See section [7.6l]

e (Q,w) is a symplectic manifold. [See section|r.6]]

e As a manifold that admits a symplectic structure, €2 is orientable and thus admits volume forms.
[See section [7.3]]

e w induces a natural class of volume forms on Q, given by v = ¢ - w™ for any ¢ # 0. [See section [7.3]]

As discussed earlier, for either sign of ¢, there exists a unique orientation that makes v positive on all components. All differential-
geometric integrals involving v implicitly are implicitly in this orientation. The scale of ¢ washes away in the normalization of the

resulting measure.

e Any volume form on € restricts to a volume form on the 2n-submanifold 2z, so our choice of v on
Q) is inherited by each Qg. [See proposition ]

e We can integrate [, fv for any real continuous function f on ©, and we can integrate | o fv for any
open O C Qp and real continuous function f on O. [See section [2.3.1]]

e v defines a positive functional fi : C°(Q2) — R* via j(f) = [, fv. It is a positive linear functional
on C¢(£2), the vector space of continuous real functions with compact support. [See section ]

e The Riesz-Markov-Kakutani theorem tells us that ji induces a unique almost-Radon measure u
whose measure-theoretic integral fQ fp is consistent with i (and thus equals the differential-
geometric integral fQ fv) for all f € Cc(Q). This measure g is on some o-algebra containing
the Borel algebra of 2, and on which it is complete. [See section [6.2]]

e The induced p restricts to an almost-Radon measure on the Borel algebra of €. [See proposition [4.9]]

e The Borel algebra of Qg is a subset (but not o-subalgebra) of the Borel algebra of Q2. We’ll refer
to these as BQE and Bq. [See proposition part (i).]

e /. restricts to an almost-Radon measure on Bg,. This extends to their measure-completions. [See
proposition parts (ii) and (iii), which apply equally well to almost-Radon measures. For the completions, see proposition

[.14]

Note that we will *not* be seeking a finite measure on Bg, but rather on Bg,. We could perform the above steps on Qp directly:
restricting the volume form to g, constructing a positive linear functional from it, applying the Riesz-Markov-Kakutani theorem
to that, and restricting the result to B, to get an almost-Radon measure. The result would be the same. See proposition@ As
will soon become apparent, there is a benefit to working with  and only restricting at the end.

e For a finite measure, Radon and almost-Radon are the same. Any measure which can serve for us
must have this quality. [See the notes under the Riesz theorem in section ]
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e Any finite measure on a locally compact, second-countable, Hausdorff space is regular and locally
finite, so our almost-Radon measure p is the only possible candidate for a finite measure on Bgq,,.

[See proposition [6.3]]
o If y is finite on Bg,,, then it normalizes into a probability measure.

(This renders irrelevant the choice of scale in v = ¢ - w™. )

e Any finite (and nonzero) measure p on Bg, defines a uniform probability field on Qp — namely
the normalized P = 11/11(Qp). [See section[.1]]

(P trivially extends to a probability measure on the completion, since the completion traffics in measure-zero changes. J

Bear in mind that pu(Q2g) > 0 always. Open sets are big. They are embedded n-submanifolds, and a volume form always produces a
nonzero volume on one.

The only unresolved question is whether p on B, is finite. Without some sort of additional assumption,
this cannot be guaranteed. Worse, if our induced g is not finite then no suitable probability measure
exists. It isn’t simply a matter of digging harder for one in a system-specific way.

We've already seen that T*() can’t be compact but {2z may or may not be. We don’t need 2z to actually
be compact in order for p to be finite. A sufficient (but not necessary) condition is that Qg be contained
in a compact subset of €2.

Our measure p on Bgq is locally finite. Since €2 is locally compact and Hausdorff, every compact set is of finite measure. By monotonocity,
w(Qp) < p(K) if Qp C K. If K is compact (and thus has finite measure), Qg must too.

Note that we can meaningfully define this criterion because p on Bq is the restriction of u on Bgq. This is why we chose to take that route.
If we had constructed p directly on Bg, from the outset, we couldn’t speak of the measure of sets larger than Qg. We have a great deal of
information about Q and its relationship to Qg that we would be discarding, and which is of great utility for our current purpose.

The form of H offers some justification for such an assumption. Hamiltonians usually are quadratic in the
momenta, but we don’t even need to be that specific. All we must do is ensure that H~!(dg) is confined
to a finite volume of the cotangent space. This will be the case if H scales to 400 with the magnitude of
each momentum coordinate. To keep to dg, we then must stay within a bounded range of momenta.

However, such a constraint on the momenta alone does not guarantee that (g is compact. If @) itself is
compact then, under such a scaling constraint, {)g sits inside a compact subset of T#() and thus has finite
volume. However, in general () need not be compact.

If @ is noncompact but H scales to +o0o in each coordinate direction, then — for the same reason as with
the momenta — (g confines us to a bounded domain, and Qg will sit in a compact subset of 2 and thus
have finite volume. This is the case when the spatial volume is explicitly bounded (ex. a gas in a box) or
there is an external potential which grows to +oo in all directions. As long as any unbounded coordinates
cause the energy to scale to 400, we are fine. However, if we have an unbounded degree of freedom that
is a symmetry of H, or if we have a negative potential as we grow the ¢’s, then we’re out of luck.

(This isn’t farfetched. Ex. a gas in an unbounded volume with no external potential would lead Qg to have infinite volume. J

We therefore must add another physical assumption, something to the effect that either () is compact or
the Hamiltonian scales to infinity with every unbounded variable. This isn’t very rigorous as stated, so
let’s frame it more formally:
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e (iv) For every E, there exists some € > 0 s.t. H '((E —¢, E+¢)) is contained in a compact subset
of ).

(Note that if this holds for €, it holds for every € < € too, so we still are free to choose each §g to be as small as needed. )

Under assumptions (i)-(iv), we thus have a natural notion of “uniform probabilities” on each Q.

(More precisely, we take as given assumptions (i)-(iii) and then either contrive our system to satisfy (iv) or must verify that it does.

If our system does not satisfy (iv), then it is still possible that the almost-Radon p produced by the Riesz theorem is finite. In that case, we
must manually confirm this.
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